POISSON’S EQUATION

TSOGTGEREL GANTUMUR

ABSTRACT. In these notes we will study the Poisson equation, that is the inhomogeneous
version of the Laplace equation. Our starting point is the variational method, which can
handle various boundary conditions and variable coefficients without any difficulty.
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1. VARIATIONAL METHOD

Consider the following Poisson problem

Au+ f=0 in Q, (1)
u=20 on 02,

where (2 C R" is a bounded domain, and f is a given function. We begin by reformulating
the problem in the Sobolev space setting as follows. Assume f € L?(Q2), and consider the
problem of finding u € H} () satisfying

/Vu-Vv:/fv for all v € Hy (). (2)
Q Q

Note that the homogeneous boundary condition is reflected in the requirement u € HE(Q).
We call (2) the weak formulation (or the variational formulation) of (1).

Exercise 1. Show that if u € C2?(Q) satisfies (2) then Au + f = 0 almost everywhere in .

To get some insight on (2), we write it as
a(u,v) = F(v) for all v € H (), (3)
where a : H}(Q) x HE(Q) — R is the bilinear form given by

a(u,v) = /QVu -V, u,v € H}(Q), (4)
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and F : H} () — R is the linear functional defined by

F(v) = / fv,  wveHQ). (5)
Q
Both a and F' are clearly continuous, because
la(u,v)| < [Vl 2102 < el ol (6)
and
[F@)l < I fllz2llvlle < IS llzzlloll e, (7)

by the Cauchy-Bunyakowsky-Schwarz inequality. This means in particular that F' is an ele-
ment of the (topological) dual of H}(£2), which we denote by H~(Q) = [H}(Q)]'. In addition
to continuity, the bilinear form a enjoys strict coercivity (also called H&—ellipticity)

a(v,v) > c||v||3, for all v € Hy(S), (8)

with some constant ¢ > 0, which is immediate from the Friedrichs inequality. Since a is
symmetric, strict coercivity and continuity imply that a defines an inner product on H}(€2)
which induces an equivalent norm. With these preparations at hand, we can now interpret
the problem (3) in the following way: Given an element F' from the dual space of H}(f2), can
we represent F' as the inner product a(u,-) with a fixed element u € H{(Q)? The affirmative
answer to this question is precisely the content of the Riesz representation theorem.

Ezercise 2 (Riesz representation theorem). Let H be a (real) Hilbert space, and let H' be
its dual, defined as the space of continuous linear functionals on H. Let us denote the inner
product of H by (-,-). Observe that any y € H defines an element f € H' by f(z) = (y,z)
for x € H. This defines a map J : H — H'. The Riesz representation theorem (for Hilbert
spaces)l states that J is invertible, that is, any continuous linear functional on H can be
realized through the inner product with an element of H. We would like to prove this theorem
by using a variational method. Let f € H’, and let

E@) = (z,3) - 2f(z), e, (9)
and consider the problem of finding a minimizer of E over H.

e Show that a minimizing sequence for F exists and is Cauchy in H.
e Demonstrate that the limit minimizes E over H.
e Denoting by y € H the minimizer, show that (y,z) = f(x) for all z € H.

The following is immediate.
Theorem 3. In the above setting, there exists a unique u € H&(Q) satisfying
a(u,v) = F(v) for all v € H} (Q). (10)
In other words, the Poisson problem (1) has a unique weak solution.

We can also solve the same problem with an inhomogeneous Dirichlet condition without
much difficulty. We formulate the problem as follows. Let g € H'(Q) be given, and find
u € {g} + H}(Q) satisfying

a(u,v) = F(v) for all v € H (). (11)
Recall that the (affine) set {g} + HZ(Q) is by definition {g + v :v € H}(Q)}.
Corollary 4. For any g € H'(Q), the preceding problem has a unique solution.

IThere is another result called Riesz representation theorem that is about representing linear functionals
on a space of continuous functions as measures.
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Proof. We will reformulate the problem as a problem with homogeneous Dirichlet condition,
therefore reducing it to the known case. Let w € Hg(Q) be the unique function satisfying

a(w,v) = F(v) — a(g,v) for all v € H} (). (12)
Such a function exists because the map v — F(v) — a(g,v) is in [HE ()]’ as can be seen from
[F(v) — alg, v)] < [[fllezllvllg + gl vl g (13)
It is obvious that u = w + g € {g} + HZ(Q) and a(u,v) = F(v) for all v € H}(Q). The
uniqueness part is left as an exercise. O

Ezercise 5. Give a weak formulation of the problem
—Au+tu=f in €,
u=gqg on 012,

and then show that a unique weak solution exists if ¢ > ¢, where ¢ < 0 is a constant.

2. ESSENTIAL AND NATURAL BOUNDARY CONDITIONS

Let f € L?(Q2) and t € R, and consider the problem of finding u € H'(2) such that

/(Vu-Vv+tuv) :/fv for all v € H(Q). (15)
Q Q

What we did is that we took the problem (2), added the term tuv inside the integral, and
replaced the space H}(2) by H(Q). The bilinear form a : H'(Q) x H'(Q) — R defined by

a(u,v) = / (Vu - Vo + tuv), (16)
Q
is symmetric and continuous, and linear functional F : H!(Q2) — R defined by

F(v) = /Q fo. (17)

is continuous, meaning that F' € [H(£2)]’. Moreover, it is easy to see that if ¢ > 0 then
a(u,u) > min{L t}HulFn,  we HY(Q), (18)

i.e., a is strictly coercive in H'(£2). Hence by the Riesz representation theorem, the problem
(15) has a unique solution u € H ().

Let us try to identify the classical problem corresponding to (15). Since 2(Q) C H(Q), if
we assume u € C2(Q), then taking arbitrary v € 2(Q) in (15) implies that

—Au+tu=f a.e. in (2. (19)

We see that replacing the space H(2) by H(Q) in the variational formulation has no effect
on the differential equation to be satisfied in the interior of the domain at the classical level.
If anything has changed, it must have something to do with the boundary condition. To
probe what is happening at the boundary, in addition to u € C?(£2), suppose that Q has a
C' boundary, and that u € C!(Q). Then taking into account that C1(Q) c H(Q), for any
v € C1(Q), we have

OZ/Q(VU-Vv—i—tuv—fv):/89v8yu—|—/9(—Au+tu—f)v:/69118,,% (20)

where we have used (19), and 0, is the (outward) normal derivative at 9. It is not difficult
to conclude from here that d,u = 0 on 9. So we identify (15) as a weak (or variational)
formulation of the equation (19) with the homogeneous Neumann boundary condition.
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Erercise 6. Show that if u € C1(Q) satisfies

| wou=o. (21)
o0
for all v € C1(Q) then d,u = 0 on ON.

Remark 7. Note that the boundary term that arises from integration by parts in (20) nat-
urally has lead us to the Neumann boundary condition. In variational terminology, such
boundary conditions are called natural boundary conditions. If we were dealing with the
Dirichlet boundary condition as in the previous section, on the contrary, the boundary term
in (20) would be 0 because of the restriction v € H}(£2) as opposed to v € H'(Q). In this
case, the boundary term vanishes by design of the underlying Hilbert space H}(£2), and the
associated boundary conditions are called essential boundary conditions. Finally, we remark
that the correspondences natural — Neumann and essential — Dirichlet do not always hold.
For instance, in some formulations the Dirichlet boundary condition arises as the natural
boundary condition.

3. WEAK, STRONG, AND CLASSICAL SOLUTIONS

In all cases considered so far, we have functions u € HY(Q) and f € L*(Q) satisfying

/(Vu - Vv + tuv) = / fo for all v € 2(0). (22)
Q Q

Note that if (22) holds, then it holds also for all v € H}(2) by density. The differential
equation associated to this is —Au + tu = f in . As for the boundary condition, it is
determined by the following additional information:

e For the homogeneous Dirichlet condition, we have the requirement u € Hg ().
e For the homogeneous Neumann condition, (22) holds also for all v € H1(Q) \ H}(Q).

We have encountered at least two different notions of solutions: Weak and classical. Here we
want to formalize those concepts and introduce one more notion of a solution.

Definition 8. A classical solution of —Au-+tu = f in  is a function u € C?(f2) that satisfies
the same equation pointwise in €. In particular, this would imply that f € C(9).

Bear in mind that in the preceding definition we are concerned with only the differential
equation, that is (supposed to be) satisfied at each point of the interior of the domain. When
we are solving the boundary value problem, i.e., at the stage where we want to establish
the existence of a solution, it is necessary to consider both the differential equation and the
boundary condition at the same time. However, once the existence is known, when we want to
study the properties of solutions, it is often possible and convenient to separate the two. Here
we would like to consider conditions that are generalizations of the differential equation alone.
In doing so, it is preferable to avoid global conditions, such as u € H'(£2), which requires in
particular the square integrability of u over 2. Therefore it would be ideal if we replace H' by
its local version, the same way C(€2) is the local version of the space of bounded continuous
functions on Q. To this end, we let H (Q) = {u € L*(Q) : ¢pu € H(Q), V¢ € 2(Q)}.

Definition 9. We call v € HL _(Q) a weak solution of —Au + tu = f in Q if u satisfies (22).

This notion makes sense even for f € L2 ().

It is always true that classical solutions are weak. Moreover, under the assumption that
u € C?(Q) and f € C(), u is a classical solution if and only if it is a weak solution.
Now we generalize the definition of Sobolev spaces to higher order cases. We let

H*(Q) = {u € L}(Q) : 0% € L*(Q), |a| <k}, (23)
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equipped with the norm

s = (3 l0al:) 1)

lal<k

and the seminorm

e = (3 I0ruls) . (25)

|a|=k
Furthermore, we define Hf () = {u € L*(2) : pu € H*(Q), V¢ € 2(Q)}.

Definition 10. We call u € HZ () a strong L? solution of —Au + tu = f in Q if the same

equation is satisfied as an equality in the space L2 ().

It is obvious that classical solutions are strong, and strong solutions are weak. Moreover,
under the assumption that v € C?(Q) and f € C(f), u is a classical solution if and only if it
is a strong solution. Similarly, under the assumption that u € H2 () and f € L2 (), u is
a strong solution if and only if it is a weak solution.

The above discussion leads to the question if and when we can guarantee that a weak
solution wu, initially only known to be in HL _(€2), is indeed in H2_(2) or even in C?(), so
that the weak solutions we have constructed in the previous sections are in fact strong or even
classical. To see that it is not a completely absurd hope, think of the ordinary differential
equation 3" = f, which has the property that if f € C* then y € C*+2. Now if we assume that
the equation Au = f has a similar property, and that its weak formulation inherits enough
of its structure, then it is reasonable to expect that f € HF (Q) implies u € Hfgﬁz(Q), and
that f € C*(Q2) implies u € C**2(Q), for a weak solution u € H (). In what follows we
will show that this expectation is realized for the H* spaces. However, it turns out that the
statement in the C* spaces is not true. We interpret this fact as the C* spaces not being well
suited for studying the Laplace operator. What we can establish are conditions on f (that
are slightly stronger than f € C*) that imply u € C**2,

4. FINITE DIFFERENCES

In this section, we will establish a convenient criterion for determining whether a function
is in a Sobolev space, which will then be used in the upcoming sections to study the Sobolev
regularity of weak solutions to (22). Let @ C R™ be an open set and let f be a function
defined on 2. Then we define the finite difference operator Ay for h € R™ by

Apf(z) = f(x+h) = f(z), (26)

where we assume that [z, z+h] C Q, with [z, z+h] denoting the line segment connecting x and
x+h. Hence Ay, maps functions on 2 to functions on the subset Q, = {z € Q : [z,z+h] C Q}.
It is clear that

e f is uniformly continuous in © if and only if [|Ap, f|| e (q,) — 0 as h — 0.
e f is Lipschitz continuous if and only if [|Ap, f[| e (q,) < c|h| Yh, with some constant c.
o If |Anfllre(q,) = o(h) as h — 0 then f is constant.

Since C(2)NLP(§2) is dense in LP(£2) for 1 < p < oo, and we have || Ay f| 10 (0,) < 2[| fllzr (o)
for f € C(2) N LP(R?), the difference operator Ay can be uniquely extended to a continuous
operator Ay : LP(Q) — LP(Qy,). Alternatively, and with the same result, we can define
Apf = for,— ffor f € LP(Q), where 7, is the translation operator given by 7,(z) = = + h.

It will turn out that the condition [[Apf[[12(q,) = O(h) characterizes the Sobolev space
H'(). Hence in a certain sense, H!(2) is the L?-equivalent of the Lipschitz space C%(Q).
For generality, we will prove this characterization in the LP setting.
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Definition 11. We define W*?(Q) = {u € LP(Q) : 9% € LP(Q), |a| < k}, for 1 < p < oo
and k € Nj.
Note that we have H*(Q) = W*2(Q) and LP(Q) = WP(Q).
Lemma 12. If f € WHP(Q) with 1 < p < oo, then [1ALf I ey < 1BV flIze(q) for h € R™.

Proof. For n € S"~! and f € C'(Q), by the fundamental theorem of calculus, we have

ot n) - @) < [ 95 +olds < < / |Vf<x+ns>|pds)”. (27)

Taking the p-th power and integrating, we get

t t
18ty <ot [ [ 0f@engrasae <ot [ [wrmpayds,  @8)
Qnt 0 0 Q
which immediately leads us to the claim. O

In the converse direction, for p > 1, the decay condition |A..:f||z» = O(t) implies the
existence of 0;f and the membership 0;f € LP(Q2). Here e; is the i-th standard unit vector.

Theorem 13. Let f € LP(Q) with 1 < p < 0o, and assume that ||Ac;ifl|rr(q,) < Mt for all
small t > 0. Then the weak derivative 0;f exists and it satisfies ||0;f||r) < M.

Proof. Let K C ) be a compact set, and let ¢ € Pk, where Zx = {¢p € Z(Q2) : supp¢ C K}.
Then we have

/Q Acufe = /Q (f(x + eit)ple) — f(@)p(z)) de = — /Q FAu, (20)

for sufficiently small ¢ > 0, which implies

A, A,
|| rowl <) [ Selolv] [ 1292 - )

AeitSO
t
where ¢ is the Holder conjugate of p, i.e., it is given by % + % = 1. Now by using the bound

|Ae,t fllr < Mt and sending ¢ — 0, we obtain

(30)

<t A f ooy lell Lacy + 1 F Nz | — 8i0|| 00»

|| 1ocel < Mgl (31)
It shows that if we define the linear map T : Zx — R by
7e = [ fo (3)

then it is bounded in the Li-norm: [T¢| < M||¢||r¢(k). Since Zk is dense in LI(K), the map
T extends? uniquely to a continuous map T : L1(K) — R. Moreover, the resulting map is
linear, and satisfies the same bound |T'y| < M||p||re(xy for ¢ € LI(K). In other words, T is
in the topological dual of LI(K), and from the duality between LP and L%, we conclude that
there exists g € LP(K) with ||g||z» < M such that

/ gp=Tp = / foip, for all ¢ € Pk. (33)
K Q

Hence, —g is the weak derivative of f in the interior of K. In order to turn it into a global
result, let Ky C Ky C ... C 2 be a sequence of compact sets such that J,, K, = Q. Let
gm = 0; f in the interior of K,,, and suppose that we extended g,, by 0 outside K,,. Moreover,

2Alternatively, we can use the Hahn-Banach theorem to extend T
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let us work with an arbitrary but fixed representative of g, € LP(2), for each m. Then by
uniqueness of the weak derivative it is clear that g,, agrees almost everywhere in K,, with
all g with £ > m, and hence the pointwise limit g = lim g,,, exists almost everywhere in €2,
which of course represents the weak derivative 0; f in Q. Finally, since ||gn||r < M for all m,
the monotone convergence theorem guarantees that ||g||z» < M. O

Remark 14. This proof would not work for p = 1, because L'(£2) is not a dual space.
Ezxercise 15. Show that if ||Ay f||zr = o(h) then f is a constant function.

Lemma 12 and Theorem 13 give the following characterization of WP,
Corollary 16. For 1 < p < oo, we have f € WIP(Q) if and only if | AnfllLr = O(h).

Remark 17. If we define the generalized Lipschitz spaces
Lip(a, LP(Q)) = {f € LP(Q) : sup ("N ARf | zr < o0}, (34)

then the preceding theorem says that in fact W1P(Q) = Lip(1,LP(Q)) for 1 < p < oo.
Hence informally speaking, the Sobolev spaces are LP-versions of Lipschitz spaces. The spaces
Lip(a, LP(€2)) with 0 < o < 1 are examples of Nikolsky spaces, which in some sense fill up the
gap between LP and WP, Nikolsky spaces themselves are special cases of Besov spaces.

5. INTERIOR H* REGULARITY

Now we start tackling the regularity problem for the equation (22) head on. To illustrate
the main ideas clearly, we begin with a very simple case. Let 2 C R™ be an open set, and
recall that the support of a function u € L{ () is defined as

suppu = Q\ U{w C Q open : u|, = 0}. (35)

In particular, supp u is a relatively closed set in €2, and v = 0 almost everywhere in Q\ supp .
For a compact set K C 2, let us introduce the space H}( ={u € HY(Q) : suppu C K}. We
have Hi C HE(Q) because for u € Hj and for all small € > 0, the mollified function u. will
have a compact support in 2. Suppose that u € H}( and f € L*(Q) satisfy

/ Vu- Vv = / fv for all v € H (). (36)
Q Q

Recall that with 7, defined by 7,(x) = « + h, we have Apu = 77u — u, where Tju = uworT,
is the pull-back of u by 7,. With K’ C £ a compact set containing K in its interior, since
Tiv € H}(Q) for v € Hy and for all small h € R™, it is easy to see that

/ Vriu- Vo = / Vu-V7iv= / friv for all v € Hg. (37)
Q Q Q
Combining this with (36) gives
/ VAju - Vo = / fA_pv for all v € Hy. (38)
Q Q
Then upon applying Lemma 12, we have
}/QVAW‘V'U‘ < | fllz2@)lA-nvll2) < (Al fllL2@) VYl L2 (0) (39)

for all small h and for all v € Hgs. Now we put v = Apu, which is justified because Apu € HL,
for small h, and get

IVARull2y < [RI[f]lL20)- (40)
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This in particular implies that

[Ac;t0jull2) < tfllz2 @), (41)
for all small ¢ > 0, which means by Theorem 13 that the weak derivative 0;0;u exists and
10:0jull L2(0) < [IfllL2(0)s (42)

for all i, j. To conclude, if u € Hy and f € L*(2) satisfy (36), then we have u € H%(2) with
ul 2y < 0l fllL2()- This is not fully satisfactory as it involves the unreasonable assumption
u € HJ., but the result can easily be generalized as follows.

Lemma 18. Let u € H} () and f € L% _(Q) satisfy

loc

/ Vu-Vou = / fo for allv e 2(Q), (43)
Q )
and let n € 2(Q). Then we have
/ V(nu) - Vv = / (nf —2Vn-Vu—ulAn)v for all v € Hy (). (44)
Q Q

Hence the result we have established just before this lemma shows that nu € H?(Y), and
IV(nu)lg2 < nllnfllez +20lVy - Vul[ 2 + nllulm| 2. (45)
In particular, we have u € HZ ().

Proof. We have V(un) = uVn + nVu in the weak sense because
/ nudie = / udi(ne) — / uwpdin, @ € (). (46)
Q Q Q

Thus for v € 2(2), we can write

/ V(nu) - Vv = / (uVn+nVu) - Vo = / uVn - Vo + Vu- (V(nv) —ovVn)
:/an'Vv—i-fnU—vVu'Vn,
Q
where we have used the formula nVv = V(nv) — vVn in the second equality, and (43) in the

last line. The reasoning (46) with 7 replaced by 9;n leads to 9;(ud;in) = ud?n + dindiu in the
weak sense, which then implies that

/ uVn-Vu = — / (uAn + Vn - Vu)v. (48)
Q Q

Plugging this into (47) establishes (44) for v € 2(f). Since the both sides of (44) are
continuous in the H'(Q) norm as functions of v, it is clear that (44) holds for allv € H}(2). O

Now we establish a higher regularity result. It shows that at least in the H* scale, the
solution is as regular as it is allowed by the right hand side f.

Theorem 19. Let u € H\ () and f € Hf () satisfy

loc
/(Vu -V + tuv) = / fu for allv e 2(Q), (49)
Q Q

where t € R is a constant. Then u € Hfgf((l), and we have the recursive estimate

lul gy < [ f ey + crHul g gy + cr 2 ulge g, (50)

where B = Br(x) and B' = Bry,(z) with R > 0 and B’ C 2, and c is a constant that depends
only on n and t.
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Proof. Testing in (49) with 0%v instead of v, we write
/ Vu-Vo%v = / (f —tu)0“v for all v € 2(0). (51)
Q Q

If we temporarily assume that u € Hfotl(ﬂ) for some j < k, then for all multi-indices o with
la| < j, we have 0%u € HL (2), and

/Qfa%:(—nla'/g(aaf)u, and /Qvu.va%z(—l)ia/ﬂvaau-vu, (52)

hence

/ Vo u - Vv = /(E)af —t0%u)v for all v € 2(Q). (53)
Q Q

Now Lemma 18 implies that 0%u € HZ _(2), that is, u € HIJOJCFQ(Q), and repeated applications
of this argument with j =0,...,k implies u € H{Zf(Q)

For the estimate (50), consider a function n € 2(B’) such that 0 < n < 1 everywhere,
n=1in B, and r||Vn]|= + r?||An||ze < C for some constant C' that does not depend on

any of R and r. Then an application of (45) finishes the proof. O

6. SOBOLEV’S LEMMA

In the previous section, we have established an H* regularity result, i.e., that f € H{f)c
implies u € H{th, for weak solutions of —Awu + tu = f. In this section, we would like to
investigate what this result implies in terms of the C* regularity of u, i.e., if and when we
have embeddings of the sort HF (Q) c C™(Q). We first look at the case m = 0 and a special

loc
class of domains, called cones.

Lemma 20. Let w be an open subset of the unit sphere S™~', and let

Q=Qw,h)={t:{cw, 0<t<h} CR" (54)
with some h > 0. Suppose that k > 5. Then we have
[u(0)| < cllullgrgy,  for allu € C™(Q), (55)

where ¢ = c(k,n,|w|, h).

Proof. First, let us derive the Cauchy formula for repeated integration in one dimension.
Suppose that f € C®(R) is a function satisfying f(h) = f'(h) = ... = f®=D(h) = 0. Then
by repeated integration by parts, we have

h h h
f(0) = —/0 f'(t) dt:/o f”(t)tdt:—;/o fe)rdt = ...

_1\k h

which is the claimed formula.
Now we pick ¢ € 2(By,) with ¢(0) = 1, and set v = ¢u. Moreover, fix £ € w and put
f(t) = v(&t) for t € [0,h]. We estimate £ (t) as

P @) = [[(6101 + ... + &) o](Et)| < n* max [0%v(&t)], (57)

(56)

and by the Cauchy formula, we get

h h
\u<o>|=|f<o>|s(k_11)! /0 FO@Ldt < / gr(etyt 1 dt, (58)

0
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where
k

gu(r) = oy maxlote@), e Q (59)

Then integrating over { € w and changing the integration variable from ({,¢) € w x (0, h) to
x =&t € Q, we infer

i " k—1 n—1 i k—n
MWSMAAg&W wdngé%mm da "

1 2(k—n) 2
< = d
< w|HngL2(Q) </Q |z z) o,

where the last integral is finite since 2k > n. Namely, we have
[w(0)] < clv|grgy = cloul gk, (61)
with ¢ = ¢(k, n, |w|, h), concluding the proof. O
Now arbitrary m and a quite general class of domains can be treated with ease.

Definition 21. A domain 2 C R" is said to have the cone property if there exists a cone
@ = Q(w, h) as in the preceding lemma, such that each z € € is a vertex of a cone @, C
congruent to @ (in other words, one can place @ in Q by moving its vertex to z and by
suitably rotating around x).

Theorem 22. Let Q C R" be a domain having the cone property, and let k > 5 +m. Then
we have

ullomeoy < cllullgrgy — for ue C™(Q) N H (), (62)

where ¢ = c(k — m,n,|w|,h). In particular, H*(2) — C™(RQ), the latter is the space of
functions whose derivatives of order up to m are continuous and bounded in €.

Proof. Let u € C™(Q) N HX(2). Then for x € Q and for «a satisfying |a| < m, we have
10%u(z)| < || 0%ul| gr—m(q,) < cll0%ull gr—m ) < cllull gr@y, (63)

with ¢ = ¢(k — m, n, |w|, h), which implies (62).

Now suppose that u € H*(Q2), and let {u;} C C*(2) N H*(Q2) be a sequence satisfying
uj — uin H¥(Q) as j — oo. Then an application of (62) to the difference u; —u,, implies that
{u;} is a Cauchy sequence in C}*(€2). Hence by the completeness of C}"(£2) there is w € CJ*(Q)
such that u; — w in C7*(Q2). In particular, we have u = w almost everywhere. O

Corollary 23. If f € H*-2(Q) with k > 2+m and k > 2 then any weak solution u € H}. ()

of —Au+tu=f satisﬁel?scu € C"™(Q). In particular, f € C*(Q) implies u € C*(Q).

Note that an element of C}"(£2) does not necessarily have a continuous extension to 2. As
such a property is important in classically satisfying a boundary condition, before closing the
section, we present a sufficient condition for the embedding H*(Q2) ¢ C™(Q) to hold. Here
C™(Q) is the space of C™(2) functions whose derivatives of order up to m have continuous
extensions to .

Definition 24. A domain 2 C R" is said to have the strong cone property if there exist a cone
@ = Q(w, h) and constants A > 0 and p > 1, such that each pair y, z € Q with |y — z| < % is
the vertices of the cones @, C Q2 and Q. C 2 congruent to @, and

[Qy N Q=N By (y) N Br(2)| > Aly — 2/, (64)

where r = ply — z|.
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Theorem 25. Let  C R" be a domain having the strong cone property, and let k > § +m.
Then we have H*(Q) — C™(Q).

Proof. We will prove the case m = 0 only. Without loss of generality, assume that y = 0, and
that Q = Qy. Let Q' = QN B,(y), and Q, = Q. N B,(z). Then for u smooth and = € Q'NQ’,

we have
u(0) — u(2)] < |[u(0) — u(@)| + [u(z) — u(z)], (65)
and integrating this over Q' N Q’,, we get

@@~ < [ ) —u@lde s [ ) ()l
e e (66)

< /Q Ju(0) — u(x)| de + /Q ) — ()]

We pick ¢ € Z(By) with ¢ =1 in By, 5, and set v = ¢u. Moreover, put f(t) = v({t) for { € w
and t € [0, h]. Then the first integral on the right side of (66) may be estimated as

_ i / n—1 n—1 ﬁ " / n—1
o) —u@ar< [ [0 Cipweaapae < [ [Fpanaae o

Now from the Cauchy formula

h h
), N0 s g [P (6

F(@®)] <

we infer

r T r h
IR e A e ARGl TR T

and plugging this into (67) we get

u(0) -~ u(e)do < e [ gulallaf " do @ [ gl e (70)
v Q' QQ
where ¢ = (k,n) is a constant and gx(z) = ‘mla%i |0%(z)| for x € Q. For the first term on the

right hand side, we have

1
2
| ot o < el (/Q Pt ) <ot Pl ()

provided that k — 5 > 0, where ¢ = c(k,n, |w]) is a constant. For the other term, we have

1
2

/ gr(@)|2)* " da < [|grl 20 (/ | 2k=n =) dﬂ?) < e gll ), (72)
Q\Q’ Q\Q’
it k—2<1,and
. h
/ au(@))zm L dz < clog » lgall (). (73)
Q\Q’ r

if k — & = 1, where in both cases ¢ = ¢(k, n, |w|) is a constant.
The second integral on the right hand side of (66) can be estimated in the same way, and
we conclude for y, z € Q with |y — z| < %, that

1
lu(y) —u(z)] < cly = z[>[lull gr(o), (74)
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if n is odd and k = [§] + 1, and

h
u(y) —u(z)| < cly — z|log THUHH’C(Q)a (75)

— 2
if n is even and k = % + 1, with ¢ = ¢(n, |w|,\). In any case, this implies that H* functions
are uniformly continuous, and hence can be extended continuously to the closure of (2. O

Remark 26. The preceding proof shows that H*(Q) < C*F~[21=Le(Q), for o = % when n is
odd, and for any « < 1 when n is even.

7. ANALYTICITY

We know from Corollary 23 that if f € C°°() then any weak solution u € HL_(Q) of
—Au + tu = f satisfies v € C*°(Q2). In this section, we want to investigate the question
whether or not f € C*(Q) would imply v € C¥(€). As before, let & C R™ be a domain.
Recall that a function f € C°°(Q) is called (real) analytic in €2, and written f € C¥(Q), if for

any y € {2 the Taylor series

9 f(y)

fa) =3 W e, (76)
(03

converges in an open set containing y. We need some preliminary results to characterize

analyticity by local growth estimates on derivatives.

Lemma 27. A function f is real analytic in Q if and only if for any point y € € there ewist
a ball B = B,(y) with r >0 and B C €, and constants § > 0 and M < oo such that

m)!
[ fllem sy < M(S—m for all m € N. (77)
Proof. We prove first the “if” part of the lemma. Let y € ) be an arbitrary point, and assume
that (77) is satisfied for some B = B, (y) as hypothesized in the statement of the lemma. Our
goal is now by using the estimates (77) to show that the Taylor series (76) converges in a
neighbourhood of y. Without loss of generality, let us assume that y = 0. Given z € B,
consider the function g(t) = f(zt). Taylor’s theorem tells us

m=1 (k) (m) (g
f =g =Yy 0 270 (78)

m!
k=0

where 0 < s < 1. Let us compute the derivatives of g. We have
g ()= (2101 + ...+ 2,0n) f(2t),
g (t) = (2101 + ...+ 2,0,)2 f(21), ...
9BV (t) = (2101 + ... + 220,)F f(2t)

K
= Y o) (79)
o 1. ap!

k!
= Z aza 0 f(zt),

la|=k
by the multinomial theorem, so

=3 !(0) oy 10 +"':j"8”)mf lez), (80)

Rm

la|<m
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with 0 < s < 1. We can estimate the remainder term by

Rl < 25~ = 2 (M) (s1)
which tends to 0 if |z| < %. This proves the “if” part of the lemma.

For the other direction, we start by assuming that f € C¥(Q2). Hence for any given y € Q,
the Taylor series (76) converges in a neighbourhood of y. In particular, this means that for
some 6 = d(y) > 0 possibly depending on y, the mentioned series converges for = given by
x=1y+(4,0,...,9), and since each term of a convergent series must be bounded, there exists
a constant M < oo such that

0°f(y)| < Moot for all a. (82)

This is almost what we want, but we need to remove the possible dependence of § on y. To
address this issue, we consider the power series

1= T e, (53)

«

for z € C", which is just (76) extended to the complex domain. Now because of the estimate
(82), the complex power series (83) converges (absolutely and uniformly) in an open set
containing the closure of the polydisk D, (y) = D,(y1) X ... X Dy(y,) C C" for some r > 0,
where D, (yx) € C is the disk of radius r centred at yi. This means that for each k € {1,...,n}
and for each fixed

(Gryee s Gomts Gt -+ 5 Gn) € Di(y1) X oo X Di(yh—1) X Dr(yk1) X - .. X Dy (ya) € C*71, (84)

the function (; — f(¢) is complex analytic in a neighbourhood containing D,.(yx). Let C,.(yx)
be the boundary of D, (yx), positively oriented. Then Cauchy’s formula gives

f(z)_lf f(Z17"'7Zk—17Ck7zk+17*"7Zn)
C’r(yk)

= d 85

27 Ck — 2k Ck7 ( )
for any z € D.(y1) X ... X Dyp(yp—1) X Dr(yr) X Dyp(ypy1) X ... X Dp(yn). Hence for any
z € D,(y), we have

1 f(zlv . 7zn—17Cn)

Z) = — — d ) 86
J0) =g [, T (36)
and by applying the formula (85) recursively, we derive
1 f(<)
flz)= - / / d¢y - -+ dé,. 87
( ) (27rl)n Cr(yn) Cr(y1) (Cl - ’21) e (CTL - ZTL) ! ( )

Since z is in the interior of D, (y), and so the integrand is analytic in an open set containing
0D, (y), we can differentiate under the integral sign and get

op() = O e
B = o o™ sy T 2yt 907 0 =)

where a +1 = (a1 + 1,...,an +1). If 2, € D, j5(yx) and ¢ € Cp(yx), then |(x — 21| > 7/2,
so we have the estimate

05 f(2)] < 27al(2/)1 | fl| oo (D, (1)), (89)
for z € D, j5(y). Restricting z to R™, we get the desired estimate. O

The next step is to characterize analyticity by the growth of local Sobolev norms.
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Lemma 28. A function f is real analytic in S if and only if for any point y € Q) there exist
a ball B = B,(y) with r >0 and B C Q, and constants 6 > 0 and M < oo such that

k!
HfHHk(B) < M(STC for all k € N. (90)
Proof. 1f f € C*(Q) then by the previous lemma we have for any point y € (2 there exist a
ball B = B,(y) with » > 0 and B C €2, and constants § > 0 and M < oo such that
|
[ fllemy < M;n—m for all m e N. (91)

Now by using the trivial estimate

1
[ lezm sy < 1 fllems) - 1B|2, (92)
we get the “only if” part of the lemma.
To prove the other direction, suppose that we have (90). The ball B clearly satisfies the
cone property, and the parameters |w| and h depend only on the size of the ball B. Hence for
any m € N, Sobolev’s lemma gives

[ fllemsy < cllfllamtez) < cM(m+p)ld~™"P, (93)

where p = [§] + 1 and ¢ is a constant that depends only on p, n, and the size of the ball B.
For m < p we have

(m+p)! < (2p)! < 2°p?P, (94)
and for m > p we have
(m+p)! <m!(2m)? < pPe™ml, (95)
which imply that
| fllempy < eMEP2Pp*Pml(5/e)~™, (96)
establishing the lemma. O

Finally, we present here the analytic regularity theorem.

Theorem 29. Let u € HL (Q) be a weak solution of —Au + tu = f, where t € R and
feC¥ ). Then u e C¥(Q).

Proof. By Theorem 19, we have u € C*°(£2), so we only need to derive suitable estimates on
the local Sobolev norms. Let B = Bg(y) and B’ = Br4,(y) with R >0, p > 0 and B’ C €.
Let Ky = Briyr(y) for £ =0,...,k with r = p/k. Note that Ky = B and K, = B’. Then the
estimate (50) from Theorem 19 yields

’U|Hk4(K,z) < |f|H’€*f*2(K@+1) + (CT)_1’u|H’€*€*1(K@+1) + (CT)_2|U\H’€4*2(KZ+1), (97)
for =0,...,k — 1, where ¢ is a constant that depends only on n and ¢t. We infer
k—2
_ —
[l e gy < (er) ullg pry + Z(CT) k+2|f’Hf(B')
=0
= 11

< (o) lullin gy + S (er) M,
=0

(98)

by analyticity of f. Now by noting that k7 < jle* for any j € N, we have
k—2 0

[alize5) < (e0) e R ull iy + D (ep) TH2E (b — 1M
=0

< (ep) ™Rl g ) + ORI,

for some constants C' and ¢’ > 0, which completes the proof. 0
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Ezercise 30. (Gevrey regularity) We say that f € C°°((2) is in the Gevrey class GY(Q) with
«a > 1, if for any ball B with B C €, there exist 6 > 0 and M < oo such that

(mh)*

[ fllems)y < M 5 for all m € N. (100)

We have G*(Q) € G5(Q) for a < B, and G1(Q) = C¥(Q). Also, it makes sense to define
G*° = C*°. Hence in some sense, the Gevrey classes fill the gap between C* and C*°. Prove
that if f € GY(Q) for some o > 1 then any weak solution u € HL _(Q) of —Au +tu = f
satisfies u € G*(€2).

8. REGULARITY UP TO THE BOUNDARY

So far we have been concerned with regularity results that are valid in compact subsets
of the domain €. One of the most fundamental theorems in this direction is the fact that
f € LE.(Q) implies u € HZ (Q). Such results are called interior regularity results, and
they depend neither on the smoothness of the boundary nor on the boundary condition. In
this section, we want to study the H* regularity of u in sets of the form Q N B where B is
a ball centred at a point of 0Q2. A typical result we would like to have is the implication
f € L*(QNB) = ue H*QN B), although it will turn out that one needs to impose some
smoothness conditions on 0f).

We start with the half-space case. Note that the Dirichlet and Neumann boundary condi-

tions are treated simultaneously.
Lemma 31. Let R = {z € R" : z,, > 0}, and let V be either H}(RY) or H'(R). Suppose
that w € V and f € L*(R") satisfy

Vu - Vv = fv forallv e V. (101)
RY

RY
Then we have u € H*(R") and |u]H2(R1) < 2an\|Lz(Rr+z).

Proof. Since ;v € V for v € V and for all h € R" with h,, = 0, we have

Vriu- Vo = Vu- Vi = / friv for all v € V, (102)
R? R R?
and therefore
/ VA - Vo = fA_pv for allv € V. (103)
R? R

Then it follows from Lemma 12 that

‘/R" VAR Vol < [ fllzz@nllA-nvllz@ny < Rl 2@ VOl L2n), (104)
+

for all A with h, = 0 and for all v € V. Now we put v = Apu, which is justified because
Apu € V when h, =0, and get

IVARul| 2wy < [R[l[fllL2@n)- (105)
This in particular implies that
[Ae;d5ull r2mny < tllfllz2wn), (106)

fort >0,7=1,...,n—1, and j = 1,...,n, which means by Theorem 13 that the weak
derivative 0;0;u exists and

HaiajUHm(Ri) < 2w (107)
fori=1,....n—1,and j=1,...,n.
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In order to make the conclusion u € H?(R"), the only missing ingredient at this point
is to show that 02u € L*(R7). Arguing formally, the equation —Au = f implies —02u =
f+ Z?;ll O?u, so if all 9?u for i =1,...,n — 1 are in L?, then 92u ought to be in L2. We can
make sense of this formal argument as follows. The equation (101) implies

J

Then since d;u € H'(R"), by definition of the weak derivative we have

n—1
Ontt - Opv = / fu— Z/ ou - O;v for all v € Z2(RY). (108)
R% i=1 Y RY

n
+

o - Qv = — O - v, (109)

R? R?

and therefore

n—1
O+ Opv = / (f + Z@fu)v for all v € Z(R). (110)
RY R i=1

By definition, this means that d2u exists in the weak sense and equal to the expression in the
brackets (up to a sign). Since the expression in the brackets is in L?(R"), we conclude that
d%u € L*(R%), and thus u € H*(R?). O

n
+

Remark 32. We observe that the translation invariance of the space V (which is H} or H!)
along the boundary OR’} was important in making the finite difference argument work.

Next, we would like to extend the result to domains with curved boundaries. To this end,
we consider a domain whose boundary is given by the graph of a function.

Theorem 33. Let ¢ € CZ(R"!), and let @ = {zx € R" : z,, > ¢(x1,...,25-1)}. Let V be
either H3(Q) or HY(Q). Suppose that u € V and f € L*(Q) satisfy

/ Vu-Vou = / fu for allveV. (111)
Q Q

Then we have u € H?(12).

Proof. Under the coordinate transformation
Yi = Ty, izl,...,n—l, (112)
Yn = Tn — ¢(x17 s 7$n71)7

our domain becomes the upper half space R’} . However, we cannot apply Lemma 31 directly,
because the equation (111) might change under the transform (112). Indeed, the computation

Op,u = Oy, u — Oy, u - O, 0, 1=1,...,n—1, (113)
Oz, = Oy, u,
shows that the situation is not completely trivial. Let us write it as
Veu = BVyu = (é _1V¢> Vyu, (114)

where V, and V, designate gradients with respect to the z and y coordinates, respectively,
and Vo = (01¢,...,0,—1¢). All gradients are understood as column vectors. Note that we

have the explicit formula
1 (I Vo
B~ = <O ok (115)
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For smooth functions v and v, we have

Vet - Vv = (Vyu)TAva = Z i, Oy, - Oy, v, (116)
i,k
where a;;, (i,k =1,...,n) are the elements of the matrix
1 -Vo¢
_pTp _
A=B B_<_(v¢)T ) > (117)
Since the Jacobian determinant of the transformation (112) is 1, we infer
/ Vau - Vv = / (Vyu)T AV, . (118)
Q ¥
This in particular implies that
o [ 1Vl < [ 19al <5 [ 1V, (119)
Q R Q
for some constants a > 0 and § < 0o, because
¢MAE = |BEPP < Bl¢)* for £ € R, (120)
and
€ = [B7' Bl < B Bef® = p'eT Ag,  for £ R, (121)

where the constants § and 3’ depend only on [[V@||pec®n-1y. Hence, a function u is in
H'(Q) with respect to the = coordinates if and only if u is in H'(R") with respect to the y
coordinates, and an analogous statement holds for the H& spaces. In other words, the pull-
back map corresponding to the transformation (112) extends uniquely and continuously to an
isomorphism between Sobolev spaces. We are going to reuse the letter V' to also denote the
same space with €2 replaced by R"!. Then we have

Z/ ik Oiu - O = / fu forallve V. (122)
ik VR R

From this point we proceed similarly to the proof of Lemma 31. Let h € R™ be an arbitrary
vector with h, = 0. Since 7;v € V for v € V, we have

Z/ T (@ikOu) Opv = Z/ aik0iu - O v = / friv for all v € V, (123)
ik R ik JRY R?

and therefore

Z Ap(a;p0iu)0kv = / FA_pv for all v € V. (124)
ik VRY R%

Now taking into account that
Ah(aik&-u) = a;r0; Apu + Apa; - 61'7';;% (125)

we infer

Z/ a0 Apu - Opv = / fA_pv— Z Apaix, - Oimru - Ogv forallv e V. (126)
- n R" - n
Then Lemma 12 implies

|Z / axdiBy - o] < Il [Vollaany + MIBIIVal 2@ IVl 2gan), - (127)
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for all v € V, where M depends on the Lipschitz norm of a;;. We put v = Apu, which is
justified because Apu € V, and get

a[VApull pzwny < [B[[[flr2@n) + MIR|IVul r2@en), (128)

with & > 0 a constant. Since h € R" is an arbitrary vector with h,, = 0, we conclude by
Theorem 13 that the weak derivative 0;0;u exists and

a\l@é’jUHL2<R¢) < Hf||L2(R1) + MHVUHLQ(Ri)a (129)

fori=1,...,n—1,and j=1,...,n.
Next, we shall show that 92u € L?(R"). The equation (122) implies

/ A Ontl - Opv = / fv— Z / a;LOu - Opv for all v € 2(RY). (130)
R? R7 R?

i+k<2n
Recall that a,, = 1. Since 0;0,u € LQ(R’}F), we have

i
and therefore
Opt - Opv = / (f + Z (Orair - Ou + a;p0i0ku))v forallve 2(RY). (132)
RTL

+ i+k<2n

a0 - Opv = —/ (Okai - Oiu + a;r0;0ku)v, (131)

n n
+ R%

RY

By definition, this means that d2u exists in the weak sense and equal to the expression in the
brackets (up to a sign). Since the expression in the brackets is in L*(R7), we conclude that
9%u € L*(R"), and thus u € H?(R?). O

Ezercise 34. Complete the proof by showing that u € H?(R") in the y-coordinates implies
u € H?(2) in the z-coordinates.

Ezercise 35. Relax the condition ¢ € CZ(R"™!) in the preceding theorem to ¢ € C11(R"™1).
Recall that the Hélder (or Hélder-Lipschitz) space C*?(D) on a domain D C R? is defined
as the space of functions ¢ € C*(D) for which

or — o8
¢l ko) = Z sup |88 (z)| + Z sup 07¢(z) 9(y)| < 0.

0
xr
‘ﬂ|§kIED 18] kx,yED | y|

9. THE NEWTONIAN POTENTIAL

Roughly speaking, what we have learned from the regularity theory so far is that by solving
the Poisson equation Au = f, we gain exactly 2 orders of regularity in the H* scale: f € HF
implies u € H**2. A primitive form of such a phenomenon is the following fact for ordinary
differential equations: If 3 solves 3/ = f and f € C* then y € C*+2. Now if we want to obtain
a regularity result for the Poisson equation in the C* scale, as we already saw, one way is
to use Sobolev’s lemma to trade Sobolev regularity for classical regularity. Schematically, it
would work as follows.

fect = feH* = weH"? = uweco™ (133)

However, this trade is not very efficient, as we need k+2 > m+73 in order to have H k+2 - om,
For instance, if we want to guarantee u € C?, then we would need f € C* with k > 5. Already
for n = 2 it means k > 1, and it gets worse as n increases. So the route through Sobolev’s
lemma in general does not allow any gain of regularity in the C* scale, and in fact it even
loses regularity in higher dimensions.
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In this section, we will study the C* regularity question by a direct approach that does
not rely on the H* regularity results. As we will see, the answer turns out to be a bit subtle.
The subtlety is caused by the fact that in general we do not gain 2 orders of regularity in the
C* scale. It is illustrated by the following example which shows that there is a continuous
function f for which the equation Au = f has no C? solution in any neighbourhood of 0.

Example 36 (Gilbarg-Trudinger). Let p(z) = z1x2, so that we have Ap = 0 and 9102p = 1
in R?. In addition, let  be a smooth nonnegative function such that n = 1 in B; and
supp7 C Ba, and let {c;} be a sequence satisfying ), ¢, = oo and ¢ — 0 as k — oco. Define

oo
_ Y a2 g2, (134)
k=0

where g = np. It is easy to see that u € C'(R?) N C®(R? \ {0}), but u is not in C?(R?)
because

O10au(z) = cx(01029)(2 Z Chs (135)
k=0

blows up at x = 0. Moreover, we have

f(z):= ch (Ag)(2Fz) =: ka(x), (136)
k=0 k=0

for z # 0. We see that the term f; is supported in the annulus {27% < |z| < 27F}, and
|l fellz — 0 as k — oco. Hence f € C(R"™). Now assume that v € C%(B.) satisfies Av = f
in Be, for some ¢ > 0. Then u — v € C?(B; \ {0}) is harmonic in B \ {0}. Obviously u — v
is bounded in a neighbourhood of 0, which means by the removable singularity theorem that
u = v in B.. However, u ¢ C?, and so no such v exists.

Ezercise 37. (Yudovich) Show that the function w € C*(D \ {0}) given by

u(z) = 2121 loglog || 2, (137)
satisfies u ¢ C%(D) and Au € C(D).
Erercise 38. Let p(x) = 23 — 3z123 in R?, and let 7 and {cx} be as in Example 36. Let

ch2 (Ag)(2Fa), (138)

where g = np. Show that ¢ € C' but that Au = f does not have a C%*! solution in any
neighbourhood of 0.

In retrospect, Example 36 is not so surprising because the condition Au = f € C means
only that a particular combination of the second derivatives of « is continuous, while v € C?
means that each second derivative of u is continuous. To see that solving a partial differential
equation does not always gain regularity, consider the equation 9?u = f in R?. Clearly this
equation does not gain any regularity in the y-direction, because, intuitively speaking, it does
not mix things up in the y-direction. That being said, the equations Au = f and 9%u = f are
completely different in nature (when n > 2). The equation Au = f does indeed mix things
up in all directions, and this is the reason why we have good regularity properties in Sobolev
spaces. To contrast, the equation d?u = f in R? does not gain regularity in the Sobolev
scale (except the obvious smoothing only in the z-direcion). So one could argue that the real
surprise is the Sobolev regularity properties of the Poisson equation. In fact, even in the C*
scale the situation is not so bad. We need to impose on f a condition that is only slightly



20 TSOGTGEREL GANTUMUR

stronger than f € C* in order to get u € C*+2. Moreover, this slight flaw can be “rectified”
by working in Hélder spaces: If f € C** with 0 < o < 1 then u € CF+2,

Let u € HL_(Q) be a weak solution of Au = f in €. Then we observe that if v € H] ()
is another weak solution of Av = f in €0, which we explicitly construct or we know a great
deal about, then u — v is a weak solution of A(u — v) = 0 in , hence by Weyl’s lemma
u—v € C¥Q) and u — v is harmonic in the classical sense. So the regularity of u is as good

as that of v. A good candidate for v is the Newtonian potential of f:

o) = [ Bw= s (139)
where we recall that the fundamental solution E is given by
1 2—n
E(z) = { @-mIs" ] |z if n # 2, (140)
= log |z| if n=2.

Remark 39. If we can show that the function v satisfies v € C*(Q)NC(Q2) and Av = f € C(Q),
then it gives a way to solve the Poisson problem

Au = in
u=f 1in Q, (141)
U=y on 0},
by Perron’s method. The idea is to solve the Dirichlet problem
Aw =0 in Q, (142)
w=g—v on 0,

first and then put u = w + v.

For convenience, if it is possible, we extend f continuously to a compactly supported
function in R™. If it is not possible, we perform such an extension after restricting f to a ball
whose closure is contained in €2. Hence in the following, we are going to assume that Q2 = R",
and fix some f € C(R™) with compact support. Note that (139) becomes now

ow) = [ Bl -)fw)dy = (Ex Pla) (143)
We begin by making some simple observations.
Lemma 40. We have v € CY(R") and Av = f in R" in the weak sense.

Proof. Since the statements are local, we only consider the restriction of v to a large ball B,.
So for z € B,., we have

vi@)= | Bl-yiwdy= | Bl-yiy)dy. (144)
where E(z) = p(z)E(x) with p € 2(Bs,) satisfying p = 1 in By, and 0 < p < 1 everywhere.
This implies that

[l ooz < NENLallfllzee < er?|lfllee, (145)
where ¢ depends only on n. Now let us define E.(z)=(1 - p(rz/e))E(z), so that E. =0 in
By. and E. = FE in R" \ Bs., and let v. = E. % f. Since E. € 2(R"), we have v. € Z(R").
Moreover, v. — v uniformly in B, because

lo = vellzoo(,) < IIE = Bellpallf oo < e[ fllpee, (146)
meaning that v € C(B,). As r is arbitrary, we get v € C(R").
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As a preparation to showing that v is weakly differentiable, for ¢ € Z(R"™) we compute
Ed;p = lim E(x)0;0(x) dz

Rn e—0 Rn\BE
Ly

= — lim T )2 qr1y ‘~x o) da
~ —1iny |, B d e /R g, DR )
=— [ 9E(z)p(x)dx,

Rn

where in the last step we have used the fact that &;E € L'(R"). Now for ¢ € 2(B,), we have
;o = E(x — dy ) 0; d
[ o= [ ([ E-niw)a)aet i
— / ( E(:c —y)0ip(x) d$>f(y) dy
n R™
== [ (] 0 = )ole) da) 1 ay
—— [ ([ aB- i) dy)e
B, \JRrr

(148)

where the use of the Fubini theorem is easily justified, and we have used the computation
(147) in the third step. The expression

n

wlo) = [ 0B - )iy = | OB f)dy, (149)
defines a function w € L*°(B,) because

loll oo,y < NOEN Ll fllee < erllfllee, (150)

where ¢ depends only on n. Hence it follows from (148) that J;v = w in B, in the weak
sense. As r is arbitrary, the convolution (149) defines a locally bounded function w, and
dv = w in R™. Since §;F is locally integrable, the argument (146) can be adapted to show
that w € C(R™) and therefore that v € C1(R"™).

It remains to prove that Av = f in the weak sense. To this end, recall that

. E(z —y)Ap(z) dz = ¢(y), (151)
for ¢ € 2(R™) and y € R™. For ¢ € 2(B,) this implies that
—| Vu-Ve= / vAp = / ( E(x—y)f(y) dy)AsO(w) dx
B B, n \ JRn

- /n ( . E(z — y)Ap(x) dx)f(y) dy

(152)
[ ([ Pe—napaar) s
- [ cwrw .
and since r is arbitrary, the proof is complete. O

We now start our investigation of the second derivatives of v.
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Lemma 41. Let
we(z) = / 0;0;E(x —y)f(y) dy, zeR" >0,
R\ Be (x)
and suppose that w. — w in L (R™) as ¢ — 0. Then we have

S5
0;05v = L ftw in the weak sense.
n

Proof. Let us do some preparatory computations. For ¢ € Z(R") and € > 0, we have

_ / O E(2)0; () dar — / OB (@)p(z) T a4 / 5,0, B(z) () da.
R"\ B. 9B. |z R\ B,

Since 9;E(z) = ;/(|S™!||=|"), the first term on the right hand side is

1

2
O E(x)o(x) =L d" e = / 2w, .
/é)BE () ( )(P( )’.T‘ ’Sn—l‘gn-‘rl 9B, 90( ) adV}

We have

/ Tixj dnilm = 07 for ¢ # j,
0B:

by the mean value property of harmonic functions®, and

1 Sn—l €n+1
/ a?d" e = / lz2d" e = [l it .
dB. n JoB. n

Therefore by using ¢(z) — ¢(0) = O(e) for |z| = ¢, we get

/ o(x)za; d" e = <p(0)/ ziz;d" e —i—/ (p(z) — p(0))ziz; d" o
OB. 0B 0B

Snfl 8nJrl
= B 500 + o),
leading to the formula
0ij
- / 0, E(x)0jp(x) dz = —Lo(0) + / K(z)p(z)dz + O(e).
R™\ Be n R™\ B,

3Thanks to Almaz Butaev for this argument

(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160)
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Now we fix a ball B, with large radius, and let F be as in the proof of Lemma 40. Then
for ¢ € 2(B,) we have

/Br v0;05p = — /B O - Ojp = — /Rn ( - O:E(x—y)f(y) dy)ajs&(w) dz
—— [ ([ 0B - oyt az) fw) ay
e—0

— 1 QiE(x — y)00(z)d d

:/ %cp(y)f(y) dy 4 lim (/ K(z —y)p(z) dx)f(y) dy  (161)
n N R” R™\ Be (y)

e—0

0ij :

= [ f)ely) dy + lim (/ Kz —y)f(y) dy)w(%) dz
n Jre =0 Jrn N SR\ B, (2)
0ij :

=% [ eyl [ v ds
n Rn e—0 Rn
5

=2 [ fear+ [ el .

where we have used (160) in the fourth step. The lemma has been proven. O

We see that an important role is played by the kernel K € C*°(R™ \ {0}) given by

6ij‘x|2 — NX;T4

K(CL‘) = 818]E(x) = \x|”+2

(162)

The following properties will be useful.
i) Bounds: |K(z)| < c|z|™™ and |VK (z)| < c|a| L.
i1) Cancellation property: fBR\Br K=0forany 0 <r < R < .

Proving the bounds is straightforward, and the cancellation property may be shown by ap-
plying the mean value property to the function &;;|z|> — nx;x;.

We want to get some insight on when the function w from the preceding lemma is well-
defined. By a change of variables, we have

w@ = [  Ka-pfedy= [ KE-2)d (163)
R7\B:(z) R"\ B,
As before, we confine x to a large fixed ball B,. If R > 0 is sufficiently large, it holds that
/ K(z)f(x — z)dz = / K(2)f(z — z)dz, (164)
R"\ B, Br\Be

and then the cancellation property implies that
wi@=[  K@fe-9d= [ K- - f@)d (6
Br\B: Br\B:

Introducing the modulus of continuity

w(f,t) = sup [|[Apfllpecmny = sup [f(z) = f(y)l,  (£>0), (166)

|h|<t lz—y|<t
we get a control on |w.(x)| as

R R w
|we ()] < /B . |K(2)|w(|z])dz < c/ tw(f, )t dt = c/ ('];’t) dt. (167)
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So if
1
/ M dt < oo. (168)
0 t

then the pointwise limit w(z) = lin% we () exists, and in addition, [[we| ze~(p,) < ¢ with a
E—

constant ¢ = ¢(r) independent of ¢ > 0. Hence w. — w in L{ (R") as ¢ — 0. The condition
(168) is called the Dini condition, and functions satisfying it are called Dini continuous. An
example of Dini continuity is Holder continuity, where we have w(r) = r® with a > 0.

Now that we have a function w € LIIOC(R") satisfying 0;0;v = &;;n~' f + w, in order to get
v € C? we need to show that w is continuous.

Theorem 42. Let f be Dini continuous and compactly supported in R™. Then w € C(R™).

Proof. Let x,2’ € R" with § = |x — 2’| > 0 small. Then we have

lw(z) —w(z)| < | K(z)f(:c—z)dz}—i—‘/ K(2)f(a' — z)dz|
|2|<36 |z| <30 (169)
H [ K@) - S ) da],
|z|>38
and the first two terms on the right hand side are bounded by a constant multiple of
30
/ wlht) g (170)
0 t

which goes to 0 as § — 0. It remains to bound the second term, which we denote by [
henceforth:

I:/ K)(f(z —2) — f(2' = 2))d=. (171)
|z|>38

By making use of the cancellation property of K, we derive

/ K(2)f(z - ) dz = / K(2)(f(x - 2) — f())dz
|z|>36 |z|>36 (172)

= | Ks(z—y)(f(y) — f(x))dy,

R

where Kj5(z) = K(z) for |z| > 30 and Ks5(z) = 0 otherwise. The same argument gives

/ K(2)f(2' = 2)dz = / K(2)(f@@' —2) = f(x))dz
|2>38 |2[>35 (173)

= | Ks(@' —y)(f(y) — f(x))dy,

R"

and hence, with R > 0 is large enough so that suppf C Bp,

= / (Ks(z —y) — Ks(@' —))(f(y) — f(=)) dy
" (174)
- /B (Ks(z —y) — Ks(2' —y))(f(y) - f(2))dy.

Observe that Ks(x—y) = 0 and K5(2'—y) = 0 when y € Bys(x), and that Ks(z—y) = K(z—y)
and K5(2' —y) = K(2' —y) when y & Bys(x). So for y € Bys(x), we use the bound

| Ks(z —y) = Ks(2' — )| < [Ks(z —y)| + | Ks(a’ —y)| < e, (175)
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and for y & Bys(x), we use
[Ks(x —y) — Ks(2' —y)| = [K(z —y) — K(2' —y)| < (e, IVE(¢ —y)| - |z — 2|
S o (176)
SCQH‘[I&X]I&—yI < cdlr -y,
Elz,x’

because |z — y| < 3|¢ — y| for £ € [2,2'] and y & Bas(x). Note that we are using the letter ¢
to denote different constants at its different occurrences. The bounds we have yield

neea™ [ w(fle-shdy+es wihle ) o,
|z—y|<48 46<|z—y|<R |$_y|
46 R
< 0(5—”/ t"w(f,t)dt + o ) w(g;,t) dt (177)
0 4
45 R
§c/ w(f’t)dt+c5/ L) 4.
0 t s t?

It is clear that the first term on the right hand side goes to 0 as 6 — 0. To see that the second

term vanishes as § — 0, write®
R p R p R

5/ w(*’;’t) dtgé/ w(f,t) dt+6/ dtg/ w(ft) dt+5/ LY 4. (178)
s 1 st p o 1 PJp t

which is valid for any § < p < R. For any given € > 0, we choose p > 0 so small that the first
term on the right hand side is smaller than €. Then we choose d > 0 so small that the second
term is smaller than €. The proof is established. O

(Q) be a weak solution of Au = f,

1)
2

w(f
t

Corollary 43. Let Q) C R" be an open set, and let u € Hﬁ)c
where f is Dini continuous in Q. Then u € C%(Q).

Proof. Let B be a (nontrivial) ball whose closure is contained in €2, and let ¢ € Z(€2) be such
that ¢ =1 in B. Then ¢f is a compactly supported Dini function because

w((bf? t) < H(b”LOO(]R")w(fa t) + ”f”LOO(supp¢>)w(¢7 t)' (179)

Hence the Newtonian potential v = E * (¢f) satisfies v € C?(R") and Av = ¢f in R". In
particular, Av = f in B, which means that u — v is a weak solution to A(u —v) = 0 in B,

and so u — v is analytic in B. This shows that u|p € C?(B). As B is arbitrary, we conclude
that u € C?(Q). O

4Thanks to Ben Landon for this argument
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