CONSTANT COEFFICIENT LINEAR DIFFERENTIAL EQUATIONS

TSOGTGEREL GANTUMUR

ABSTRACT. We build the theory of linear ordinary differential equations with constant co-
efficients, by using purely linear methods (that is, without relying on any general arguments
such as the Picard-Lindel6f theorem for existence and the energy method for uniqueness).
Constant coefficient first order linear systems are also treated with similar methods.
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1. FIRST ORDER HOMOGENEOUS EQUATIONS

Consider the differential equation

u 4+ pu=0, (1)

where p is a given constant. We assume that the constant p and the unknown function u(¢) are
complex valued by default, because the complex case contains the real case, and will indicate
whenever we want to require everything to be real valued.
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The equation (1) can easily be solved by looking for the solution in the form u(z) = e,

and finding that A\ = —p. Then linearity (or equivalently the superposition principle) implies
that

u(t) = Ae, (2)
is a solution for any constant A € C. However, such a method would give us uniqueness only

in a restrictive class; namely, we would not be able to rule out other possible solutions that

are not of the form e.

The following method cures the defficiency. Suppose that u is a differentiable function on
R, satisfying (1) everywhere in R. Then the new function v defined by
v(t) = ePlu(t), teR, (3)
satisfies
V'(t) = pePu(t) + e (t) = e (pu(t) + '(t)) = 0, (4)
for all t € R. Since v is differentiable and its derivative vanishes everywhere, (as a consequence

of the mean value theorem) we conclude that v is equal to a constant. Let us state this
important result as a theorem.

Theorem 1. The only function that is differentiable everywhere and satisfies (1) everywhere
in R is of the form u(t) = Ae P!, with an arbitrary constant A € C.

We say that the solution space of (1) is parametrized by a single complex number.
Exercise 2. This theorem remains true if we replace R by some open interval (a,b) C R.

Let us now consider the case where the coefficient p is real. In this case, the space of real
solutions of (1) is parametrized by a single real number.

Corollary 3. If p € R, then the only real valued function that is differentiable everywhere and
satisfies (1) everywhere in R is of the form u(t) = Ae™Pt, with an arbitrary constant A € R.

Proof. By Theorem 1, any solution of (1) must be of the form u(t) = Ae Pt If u(t) is real,
then A = u(t)eP! must be real. On the other hand, if A is real, then u(t) = Ae P! is real. The
proof is established. O

Exercise 4. Let u be a solution to v’ + pu = 0 with p real.

(a) Show that both real and imaginary parts of u are solutions.
(b) Show that if u(0) is real, then wu(t) is real for all ¢.

2. STABILITY

It is now immediate that the only solution to the inital value problem

' =/fu in R,
B (5)
u(0) = ¢,
where «, ¢ € C are given constants, is
u(t) = ae’. (6)

By a solution, we mean here a function w that is differentiable everywhere and satisfies (5).

Remark 5. The stability behaviour of this solution for real or purely imaginary ¢ can be
summarized as follows.

e If / > 0, then all solutions (except for the case a = 0) grow unboundedly as t — oc.
This is an example of instability.
e If / < 0, then all solutions decay to 0 as t — oco. This system is strictly stable.
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e If / = 0 or more generally ¢ = iw with w € R, then the solution stays bounded as
t — oco. We say that the system is stable.

Definition 6. An ODE is called strictly stable if all of its solutions decay to 0 as t — oco. It
is called stable if all of its solutions stay bounded as t — oo, that is, for any solution u, there
exists a constant M such that |u(t)| < M for all ¢ > 0. If an ODE is not stable, then we say
that it is unstable.

Exercise 7. Consider the equation v’ = fu, where ¢ = § +iw is a constant with § and w real.
Identify the stable, unstable, and strictly stable regimes.

3. DUHAMEL’S FORMULA

In this section, we consider the inhomogenous initial value problem

' =lu+f in(0,7T),
{U(O) = q, (@)

where the constants 0 < T' < oo and «, ¢ € C, and the function f € C[0,T') are given. Here
the notation f € C[0,7) means that f is continuous on the interval [0,7"). Suppose that
u € C[0,T") and that u is differentiable in (0,7). Then the function

o(t) =€ Mu(t),  te0,T), (8)
satisfies
V(1) = —te~Mu(t) + e~ (8) = e~ (—u(t) + (1)) = e A (2), (9)
for t € (0,T), and the fundamental theorem of calculus yields

/ e f(s)ds = v(t) — v(0) = e Pu(t) — u(0), (10)

0
for t € [0,7T), or

t
u(t) = e —I—/ ! =5) £ (s)ds, tel[0,7). (11)
0
This is called Duhamel’s formula, or variation of constants formula.

Exercise 8. Show that (11) is a solution of the initial value problem (7).

Theorem 9. Let f € C[0,T) with 0 < T < oo. Then the only solution of (7) that is
continuous on [0,T) and differentiable in (0,T) is given by (11).

Exercise 10. Prove the following “shifted” version of Duhamel’s formula. Let f € Cla,b)
with —oo < a < b < co. Then the only solution of

u'=lu+f inla,b), (12)
that is continuous on [a, ) and differentiable in (a, b) is given by
t
u(t) = =Dy (a) + / - f()ds, € (ab). (13)
a
Exercise 11. Prove the following “reflected” (or “backward in time”) version of Duhamel’s
formula. Let f € C(a,b] with —oo < a < b < co. Then the only solution of
u =flu+f in (a,b), (14)
that is continuous on (a, b] and differentiable in (a,b) is given by

u(t) = '@ Py(b) — / ’ ) f(s)ds,  t e (a,b). (15)
t

Note that this could be subsumed under (13) if we agree that f: gdt = — [ gdt when b < a.
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4. SECOND ORDER HOMOGENEOUS EQUATIONS

Now consider the second order equation
u +pu +qu=0, (16)

where p and ¢ are (real or complex) constants. Substituting the form u(z) = e* leads to the
so-called characteristic equation

M4 pA+q=0. (17)

With A\; and Ay denoting the roots of the characteristic equation (which we call characteristic
roots), we get two solutions eM* and e*?* (which obviously collapses into one if A\; = Ao).
Linearity (or the superposition principle) then says that

u(t) = AeM? 4 Ber?t (18)

is a solution for arbitrary values of the constants A, B € C. If A\; # Ao, this is a 2-parameter
family of solutions. On the other hand, if A\; = g, one can check that te*? is also a solution,
so that a 2-parameter family of solutions is given by

u(t) = AeM! + BteM?t, (19)
Is there any solution that is not of the form (18) or (19)7 The following theorem says no.

Theorem 12. The only function that is twice differentiable everywhere and satisfies (16)
everywhere in R is of the form either (19) or (18) with arbitrary constants A, B € C, depending
on whether or not the characteristic equation (17) has repeated roots.

Proof. Suppose that u is twice differentiable everywhere and satisfies (16) everywhere in R.
Let A1 and Ay be the roots of the characteristic equation (17), and let

v(t) = u'(t) — Mu(t), t € R. (20)
We then compute
v = v =u" — M — Ao (v — M) = o’ — (A1 + X)) + A dou =0, (21)
everywhere in R because A\; + Ay = —p and A1 Ay = ¢, meaning that
v(t) = v(0)e*?, teR. (22)
On account of (20), Duhamel’s formula (11) yields
t
u(t) = u(0)eM" +v(0) / eM=s)ehasgs, (23)
0
If A1 = A9, we have
u(t) = u(0)eM* + v(0)te™", (24)
which is of the form (18), and if A; # A2, we have
(=t g v(0) v(0)e?!
£) = u(0)eM 4 v(0)eM! - = = (u(0) — )My S (25
u(®) = u(O)M + u(0)eM - S = (o) - )Nt 4 BUEE (as)
which is of the form (19). O

Thus the solution space of (16) is parametrized by 2 complex numbers.

Exercise 13. This theorem remains true if we replace R by some open interval (a,b) C R.
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Remark 14. From now on, by a solution of (16) we will always understand a function that
is twice differentiable everywhere and satisfies (16) everywhere in R (or in some specified
interval). Note that the formula (23) gives the representation

u(t) = u(0)e™’ + [u/(0) — Adyu(0)]eM” /0 t eP2mM)sgg, (26)

for any solution u of (16).

Now we focus on the real coefficients case p,q € R. It turns out that the real solutions of
(16) are parametrized by 2 real numbers, or equivalently, by a single complex number.

Corollary 15. Let p and q be real. Then the only real valued function that is twice differen-
tiable everywhere and satisfies (16) everywhere in R is in one of the following forms.

o u(t) = AeMt 4 Be*?t with arbitrary constants A, B € R, if A\ € R and A\ # Xa.

o u(t) = (A + Bt)eM?t with arbitrary constants A, B € R, if \j = \a.

o u(t) = Re(AeM?) with an arbitrary constant A € C, if \; € R.
The third form can also be written as

u(t) = e"(E coswt + Fsinwt), (27)
with arbitrary constants E, F € R, where ;1 = Re(A1) and w = Im(\;).

Proof. Since p,q € R, the characteristic roots are either real or complex conjugates of each
other. If the roots are real and distinct, then taking A and B real, the formula (18) produces
real solutions u(t). On the other hand, let A and B be not both real. Then u(0) = A+ B is
not real unless A = B. If A = B then u(1) = e* (A + Be*?~*) would not be real. In any
case, u(t) is real for all ¢ if and only if both A and B are real.

Now suppose that A\; = A9, which can only happen if A\; € R. Then (19) produces real
solutions u(t) for A and B real. On the other hand, if A and B are not both real, then
u(0) = A or u(1) = (A + B)eM would not be real.

Finally, if the roots are not real, then they must be of the form \; 2 = p &+ wi for some real
p and w # 0, meaning that (18) becomes

u(t) = AeMe™t + Betle™ ™t = Aet(coswt + isinwt) + Be'(cos wt — i sin wt)
= (A 4+ B) coswt + eMi(A — B) sinwt.

Therefore, if we take both A+ B and i(A — B) to be real, that is, if we take A = a — bi and
B = a+ bi = A for some real a and b, then the solution

(28)

u(t) = 2eM(acoswt + bsinwt) = AeM? 4 ANt = Re(24eM?), (29)
is real. On the other hand, if B # A in (18), then u(0) = A + B would not be real. The proof
is established. O

Exercise 16. Let u be a solution to u” + pu’ + qu = 0 with p and ¢ real.

(a) Show that both real and imaginary parts of u are solutions.
(b) Show that if w(0) and «'(0) are real, then u(¢) is real for all .

5. STABILITY
Let A\; and Ay be the characteristic roots corresponding to the equation
v+ pu’ + qu = 0. (30)
Its stability properties are fully determined in the following theorem.

Theorem 17. The system (30) is strictly stable if and only if Re(A1) < 0 and Re(\) < 0.
It is stable if and only if Re(A1) < 0 and Relg) <0, with Ay # A2 whenever Re(A1) = 0.
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Proof. Any function of the form t*e* with Re()\) < 0 decays to 0 as t — oo, and e with
Re(A) > 0 does not decay as t — co. Thus the first claim of the theorem is established.
Similarly, any function of the form t*e with Re(\) < 0 or of the form e with Re(\) = 0
stays bounded as ¢ — oo. On the other hand, neither e* with Re(\) > 0 nor te’ with
Re(A) = 0 stays bounded as ¢t — oo. The proof is complete. O

Let us now look at the case where p and ¢ are real numbers. This is the subclass of the
equation (16) with real coefficients. In particular, if ¢ > 0 and p > 0, it describes a damped
harmonic oscillator with the natural frequency w = ,/q.

As the characteristc roots are A1 2 = (—p £ 1/p? — 4¢)/2, the first observation we can make
is that all nontrivial solutions are oscillatory if and only if p? < 4q.

Corollary 18. The system (30) with p,q € R is strictly stable if and only if p > 0 and ¢ > 0.
It is stable if and only if p >0 and ¢ > 0 with p+ q > 0,

Proof. Recall that the system is strictly stable if and only if Re(A;) < 0 and Re(A\2) < 0.
This happens if and only if p > 0 and either \/p% — 4q < p or \/p? — 4q is purely imaginary.
The latter “either or” condition is precisely equivalent to ¢ > 0. Thus the first claim of the
theorem is established.

For the second claim, we start with the “only if” part. The case p = ¢ = 0 is unstable as
A =X=0.If ¢ <0 then \; = (—p+ /p> —4q)/2 > 0. If p < 0 then Re(\;) > 0.

What remains is the “if” part of the second claim. Since the case p > 0 and ¢ > 0 is
strictly stable, we only need to treat the borderline cases. If p > 0 and ¢ = 0 then A\ = —p
and Ao = 0. If p =0 and ¢ > 0 then A\; 2 = £i,/q. The proof is complete. O

6. INITIAL VALUE PROBLEMS

As the general solution of a second order ODE involves two arbitrary constants, the corre-
sponding initial value problem has the form

u”" 4+ pu’ + qu =0,

u(0) =, (31)
u'(0) = .
If we write the general solution of the differential equation as
u(t) = A1 (t) + A2 (1), (32)

with some fixed solutions ¢; and ¢s, the coefficients A; and As should be determined from
the initial conditions u(0) = « and u/(0) = .

Example 19. As the characteristic roots of the equation
u +u=0, (33)
are A1 = &1, the general solution is
u(t) = Ae® + Be ™. (34)
This can also be written as
u(t) = A(cost +isint) + B(cost —isint) = (A + B)cost + i(A — B)sint, (35)

or
u(t) = Ay cost + Agsint, (36)
with (new) arbitrary constants A; and As. The initial condition u(0) = « yields

u(0) = Ay cos0+ Agsin0 = A; = a. (37)
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For the second condition u/(0) = 3, we need to compute the first derivative

u'(t) = — Ay sint + Ay cost, (38)
and evaluate it at t = O:
u'(0) = —A;1sin0 + Agcos 0 = Ay = 5. (39)
Thus the solution to the initial value problem
W +u=0, u(0) = a, u'(0) = 3, (40)
is found to be
u(t) = acost + fsint. (41)

Since (37) and (39) give the constants A; and Ay immediately, one might say that the set
{cost,sint} is quite well suited for the initial value problem.

Example 20. One choice for the set {¢1(t), ¢2(t)} would be {e*?, e??t} if A} # Xy, and
{eMt te 2!} if A} = Ao, where A\ and Ay are the characteristic roots. Assuming A\; # Ao for
simplicity, the analogues of (37) and (39) are then

u(0) = A1eM 0 4 AxeM 0 = A + Ay = a, (42)
and
u’(O) = )\1A1 + /\QAQ = ,3, (43)
the latter because
u'(t) = )\1A16)\1t + )\2A2€)‘2t. (44)

The system (42)-(43) can be solved for A; and As as

:)\ga—ﬂ A:B—)\la
Xy — A S VW

Ay (45)

leading to

_ A1t _ Aot
ult) = (A — B)eM + (B — Mav)e ‘ (46)
Ay — A1
Exercise 21. What equations analogous to (42) and (43) do A; and A need to satisfy in
case ¢1(t) = et and ¢o(t) = te*?! with A\; = \o?

It is now clear that in the general case (32), one needs to solve the system

A191(0) + A2¢2(0) = «, (47)
A1¢1(0) + A2¢5(0) = 3,
for A; and As, which is solvable for any given scalars « and § if and only if
$1(0)  $2(0)| _ LN
G0 G0 = @065(0) — 61 0)02(0) £ 0. (48)

Example 22. For Example 20, the system (47) obviously reduces to (42) and (43), and the
solvability condition (48) becomes

1 1

M Nl A2 — A # 0, (49)

which holds as long as A1 # As.
Exercise 23. Analyse the case ¢;(t) = et and Pa(t) = te?2? with A\ = \o.
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Exercise 24. Show that the solutions to (47) are given by

/ N _ /

Al _ ad)?(o)wﬁqb(o)’ and A2 _ Bd)l (O)Waqbl (0), (50)
where W = ¢1(0)$5(0) — ¢1(0)¢2(0).

Remark 25. Since ¢ and ¢9 are solutions of the equation u” +pu’+qu = 0, and (47) ensures
that the initial conditions are correct, the resulting function © = A1¢; + As¢py satisfies the
initial value problem (31).

Of course, there is nothing special about the point ¢ = 0, and we could also consider an
initial value problem where we fix the initial conditions at some specified point ¢ = s, as
u”" + pu' 4+ qu =0,
U(S) =a, (51)
u'(s) = B.
In this case, we will need the following determinant to be nonzero:
_ _|91(s) d2(s)] _ Loy
Wi(s) = Wlo1, d2](s) = &(s) dh(s)| P1(8)Pa(s) — ¢1(s)P2(s). (52)
Definition 26. The quantity W (s) is called the Wronskian of ¢1 and ¢9 at s.

Thus, given two solutions ¢1 and ¢9 of the equation w”’ +pu'+qu = 0 with W[g1, ¢2](s) # 0,
we would solve the linear system

A191(s) + A2da(s) = a, (53)
A1¢(s) + Az (s) = B,
for A; and As. Then u = Aj¢1 + Aaz¢s is a solution to the initial value problem (51).
Exercise 27. Develop the answer in (50) a bit further to get the expression
a |pi(t)  ¢a(t) B |pi(s) ¢a(s)
u(t) = , 54
D= W loits) ah(s)| T WG |ar(t) oalt) 54
for the aforementioned solution of (51).
7. ABEL’S FORMULA
Let us compute the derivative of the Wronskian:
W' = (p105 — ¢102) = P10 + d1by — Pl b2 — Py = P19y — ¢ o, (55)
and take into account the fact that both ¢; and ¢9 satisfy uv” + pu’ + qu = 0:
W' = d1(—peh — qp2) — (—pd1 — qb1)¢2 = —p(d1d — 1¢2) = —pW. (56)
In other words, we have
W(s) =W(0)e ?* for seR, (57)
or
W(s) =W(t)e P forany s,tcR. (58)

Any of the last 3 formulas may be called Abel’s formula. This immediately implies the
following theorem, sometimes called Abel’s theorem.

Theorem 28. Let ¢1 and ¢o be solutions of the differential equation v’ + pu’ +qu = 0. Then
their Wronskian is either identically zero, or nonzero everywhere.

Thus for solutions to differential equations of the type under consideration, we can talk
about their Wronskian being simply zero or nonzero, without specifying where we evaluate
the Wronskian.
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8. FUNDAMENTAL SETS

In Section 6, we have constructed a solution to the initial value problem, by utilizing two
given solutions ¢; and ¢ of the differential equation. We saw that the Wronskian W g1, ¢2]
needs to be nonzero. A natural question that arises is if the solution given by this procedure
is the only possible solution to the initial value problem. In other words, we consider now
the question of uniqueness of solutions for the initial value problem. At this point, it will be
convenient to introduce the following terminology.

Definition 29. A fundamental set (or a basis) of solutions of the equation v’ + pu’ 4+ qu =10
is a set {¢1, P2} of solutions of the same equation, satisfying W p1, ¢pa] # 0.

More generally, for any two functions v and w, if W{v,w](s) # 0 then we say that v and w
are linearly independent at s.

Example 30. The sets {cost,sint} and {e®,e~#} both are fundamental sets of solutions of
the differential equation v’ + u = 0.

The following is a slight generalization of Theorem 12. This gives an affirmative answer to
the uniqueness question, because it says that the solutions of the form u = Aj¢1 + Asps cover
the entire solution space, and our construction in Section 6 picks the unique one among the
solutions of the that form.

Theorem 31. Let {¢1,¢2} be a fundamental set of solutions of the equation u” +pu’+qu = 0.
Then for any solution u of the same equation, there exists a unique pair of constants A1 and
Ao, such that u = A1p1 + Asgs.

Proof. Let v = A1¢1 + Asgs be the solution of the initial value problem with the initial data
given by those of u, that is, let v be constructed as in Section 6, satisfying

v +pv +qu =0,
v(0) = u(0), (59)
v'(0) = /(0).

Since v satisfies the same initial conditions as u, the representation formula (26) guarantees
that v(t) = u(t) for all ¢, meaning that u itself is of the form Aj¢; + Aago. O

In view of (54), the following is immediate.

Corollary 32. Any solution of v’ + pu' + qu = 0 in any interval (a,b) has the representation

u(t) = u(s) | (t) da(t)] W (s) |pr(s) oals)
W(s) [¢1(s) @5(s)] = W(s) |o1(t)  ¢2(t)

where s € (a,b) and {$1, P2} is a fundamental set of solutions of u” + pu' + qu = 0.

, t € (a,b), (60)

9. INHOMOGENOUS EQUATIONS
We are now ready to look at the inhomogenous equation
w4+ pu' +qu = f, (61)

where f = f(t) is a given function, called the forcing function, the source term, etc. The
solution space of (61) is an affine space, in the sense that the difference between any two
solutions of (61) satisfies the corresponding homogeneous equation.

Exercise 33. Show that if v and v are solutions of (61), then the difference w = u—wv satisfies

w” + puw' + qu = 0. (62)
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Let us fix a function v satisfying (61). Then the preceding exercise implies that any other
solution u of (61) is of the form v = v + w, where w is some solution of (62).

Exercise 34. Show that if v satsfies (61), and w satisfies (62), then u = v + w satisfies (61).

Remark 35. Thus the general solution of (61) can be constructed as follows.

e Find a single particular solution v of the inhomogeneous equation (61).

e Find the general solution w of the complementary equation (62). In particular, this
solution will contain 2 arbitrary constants.

e Then the sum v = v 4+ w is the general solution of (61).

Since we already know how to find the general solution of the homogenous equation (62), the
focus now is on finding a single particular solution of (61).

Example 36. Consider the equation

u’ +2u' +u = e (63)
The characteristic roots are A2 = —1, and so the general solution of the complementary
equation is
w(t) = Ae™' + Bte™". (64)
We look for a particular solution to (63) in the form
u(t) = Ce™, (65)

where C' is a parameter that should be adjusted. Computing the derivatives of v and substi-
tuting into (63), we get

9Ce +2.3Ce3 + Cedt = ¥, (66)
giving C' = 1/16. Finally, we conclude that the general solution of (63) is
o3t
u(t) = %6 + Ae” "+ Bte ™, (67)

where A and B are arbitrary constants.

As this and the following examples show, in some cases one can simply make a guess at the
form of a particular solution.

Example 37. Consider the equation
u —u =12 (68)
Looking for a particular solution in the form v(t) = At? + B yields v(t) = —t? — 2.
Example 38. Consider the equation
'+ =t t. (69)
Looking for a particular solution in the form y(t) = Ae™t + Bte™ yields A = B = 1.

The following exercise shows that if the forcing function is the sum of several terms, then
each of those terms can be treated separately.

Exercise 39. Show that if vf + pv] + qui = f1 and v + pv) 4+ qua = fa, then the sum
v = v1 + vy satisfies v/ + pv’ + qu = f with f = f1 + fo.

Exercise 40. Find the general solution of 2" + x = t> + sint.
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10. VARIATION OF CONSTANTS
In this section, we will learn a way to construct a solution of the inhomogeneous equation
u +pu +qu = f. (70)
Let {¢1, ¢2} be a fundamental set of solutions to the complementary equation
w” + pw' + qu = 0. (71)

Since the Wronskian W = ¢1¢), — ¢/ ¢2 is nonzero everywhere, ¢; and ¢2 cannot vanish at
the same time, and therefore the solution u can be written as

u(t) = A1(t)p1(t) + Aa(t)p2(t), (72)

with some coefficients A;(t) and As(t) depending on ¢. This is called the method of variation
of constants (or of variation of parameters), since if A; and As are constants then (72) solves
the homogeneous equation (71).

Assuming that A; and As can be differentiated twice, we compute

u = Alpr + A1d) + Abdo + Axdly,

" = Ay + 2416, + A1 + s + 2456+ Ao, 7
Since
101 + 2410 + A1 + pAid1 +pA16] + qAi1g1 = Aldr + 24197 + pAid (74)
= (A101)" + A1¢) + pA161.
we have
u” +pu' + qu = (Ay61) + pAior + Ay + (Aye2) + pAyda + Adh. (75)
This means that if
191 + Aype = 0, (76)
161 + Aydy = f,
then we would have
u’ +pu +qu = f. (77)
The system (76) can be solved for A} and Aj, as
A () = _J(t)$2(t) and  A(t) = f()o1(?) (78)

W (t) wit) -’
where W = ¢1¢, — ¢ p2 # 0. We make this argument precise in the following theorem.

Theorem 41. Let f € Cla,b) with —co < a < b < oo, and let u be a function twice
differentiable in (a,b), with v’ € Cla,b) and

W +pu +qu=f in(a,b). (79)
Then u is given by
) =iy + [ 20U OO0 1051 efa), (30)

where w s the solution of the homogeneous initial value problem
w” + pw' + qw = 0,
w(a) = u(a), (81)

w'(a) = v/ (a).
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Proof. For t € [a,b), let

(e, I AIOEAON
[ e me = [ 62

Then according to the fundamental theorem of calculus, A; and Aj are differentiable in (a, b),
and A1, As € Cla,b), with

Al = _% nd A = fgf i (a,b). (83)

This implies that
A1+ Ay =0, (84)

101 + Ay = f,

n (a,b). Now let

o(t) = A1 ()1 (1) + As(1)9 / —¢ale “Z’l(v;(t;bl( 902 p)as,  (85)
for t € [a,b), meaning that v € C|a,b) and that v is differentiable in (a,b) with

v = Ajgr + A + Aso + Asgh = Argh + Aagy  in (a,b). (86)

Since A;, Ay € Cla,b), we have v’ € C[a,b). Moreover, note that v(a) = v'(a) = 0.
Next, we compute

191+ A1) + A5l + Asghy = f+ A1 + Az¢y  in (a,b), (87)

which implies that
V' +p qu=f in (a,b). (88)
Hence the difference w = u — v satisfies w” +pw’ +qw = 0 in (a,b). We also have v’ € Cla, b)

with w(a) = u(a) and w'(a) = u/(a). By the theory of homogeneous equations, there is exactly
one such function. The proof is complete. O

Corollary 42. Let f € Cla,b) with —oo < a < b < oo, and let u be a function twice
differentiable in (a,b), with ' € Cla,b) and u” + pu’ + qu = f in (a,b). Then u has the
representation

0=l Sl ae aolt L ol ane o
where {1, P2} is a fundamental set of solutions of w” + pw' + quw = 0.
Exercise 43. Prove the preceding corollary.
11. FORCED HARMONIC OSCILLATORS
Consider the equation
a’ +x = et (90)

Looking for a particular solution in the form y(t) = ae™? yields a = 1/(1 —w?), provided that
w # 1. Combining this particular solution with the general solution of the complementary
equation, we get

eiwt "
x(t) = 12 5+ Ae't + Be™ (w#1). (91)
In case w = 1 we use the form y(t) = ate“”t which gives
te it
x(t) = + Ae' 4 Be ™, (92)

2
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Exercise 44. Show that the equation
x” + wir = et (wo > 0), (93)
can be written in the form (90) by suitably scaling the t-variable.
Now we look at the equation
2’ + 2ux’ + = et (94)

with ¢ > 0. Assuming zero initial data for simplicity, a direct application of the variation of
parameters formula (80) yields
e e e

= A ) T 2AGw -\ 2A(w = A

where A1 o are the characteristic roots and A = V12— 1. Since Re(A1,2) < 0, the second and
the third terms tend to 0 as ¢ — co. These terms are called transient. When t is large, what
remains is the steady state, or the response term
eiwt
z(t) = .
®) (lw — A1) (fw — A2)
Note that the denominator (iw — A1)(iw — A2) is simply the characteristic polynomial of (94)
evaluated at iw.
The preceding observation holds generally true: Given any equation

wt Aot A1t

(95)

(96)

z" —i—p{L‘/ +qr = eiwt’ (97)
with the characteristic polynomial
P(A) =X +pA+gq, (98)
looking for a particular solution in the form x(t) = Ce™? gives
eiwt
) = ——. 99
") = By (99)

This solution will be the steady state if the complementary equation (i.e., the “unforced”
system) is strictly stable, as any realistic system would be.

Definition 45. The transfer function of the system is

1
P(iw)
Moreover, writing T'(w) = pe~%7, the magnitude p is called the gain, and the negative argument
v is called the phase lag of the system.

T(w) = (100)

These terms are obviously inspired by the fact that the input forcing e is “transferred”
to the output solution

z(t) = T(w)e™! = pe’@ =), (101)
Example 46. Suppose that the system
" + pa’ + qr = ™1t 4 22t (102)

has the transfer function 7', and the corresponding complementary equation is strictly stable.
Then the steady state is given by

z(t) = T(wy)e™r! + 2T (wo)e™?!, (103)
Example 47. The gain function for the system (94) is
1
T(w)l = (104)

\/(w2 —1)2+ 4,u2w2.
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12. REGULARITY

In Section 3 we proved that any solution of
u +pu = f, (105)

has the representation formula

u(t) = w(t) + / t e Pt f(s)ds,  tela,b), (106)

where w is the solution of the complementary equation w’ + pw = 0 satisfying w(a) = u(a).
Here —0c0 < a < b < 00, and we have assumed that u, f € C[a,b) with u differentiable in the
interval (a,b).
Now observe that we can find ' from (105) and write
u' = f — pu, (107)
which, on account of the conditions u, f € C|a,b) shows that v’ is indeed continuous in [a, b).
This fact is written as u € C'[a, b).
Furthermore, if f is differentiable in (a,b), then we can differentiate (107), and get
u' = f"—pu, (108)
meaning that u is twice differentiable in (a,b). This formula also shows that if f € C'(a,b)
then u € C?(a,b) and if f € Cl[a,b) then u € C?%[a,b). Here, u € C?(a,b) means that the
second derivative of u exists in (a,b), and u € C?[a,b) means in addition that u” can be
extended to a continuous function in [a, b).
Repeating the argument, we infer the following.
e If f is k times differentiable in (a,b), then w is k + 1 times differentiable in (a, b).
o If f € C*(a,b) then u € C¥*1(a,b).
o If f € C¥[a,b) then u € C*[a,b).
We may say that the solution of (105) is as regular as the right hand side allows it to be.
Similarly to the first order case, in Section 10 we proved that any solution of

u' 4+ pu' + qu = f, (109)
has the representation formula

" ga(t)dr(s) — ¢1(t)ga(s)
a D5(8)P1(s) — ¢1(s)¢a(s)
where w is the solution of w” 4+ pw’ + qw = 0 satisfying w(a) = u(a) and w'(a) = v'(a). Here
—00 < a < b < oo, and we have assumed that {¢1, P2} is a fundamental set of solutions, and
that «’, f € Cla,b) with u twice differentiable in (a,b).

Imitating what we did in the first order case, we write

u'=f—pu — qu, (111)

and infer that in fact u € C?[a, b). Moreover, by considering additional regularity assumptions
on f, we get the following.

o If f is k times differentiable in (a,b), then u is k + 2 times differentiable in (a,b).

o If f € C%(a,b) then u € C¥*2(a,b).

o If f € C¥[a,b) then u € C¥*2[a,b).
Thus the solution of (109) is as regular as the right hand side allows it to be.

Having studied what happens when the source term f has additinoal smoothness, a natural
question would be to ask: What if f is not continuous? In this case, at the points of discon-
tinuities of f, the function u given by (106) (resp. (110)) would not satisfy the corresponsing
equation (105) (resp. (109)). We say that u is not a classical solution. However, especially if

u(t) = w(t) + f(s)ds, t € [a,b), (110)
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these exceptional points occupy a negligible portion of the interval (0,7), it is reasonable to
accept u as a solution in some generalized, weaker sense.

Definition 48. The function u given by (106) (respectively (110)) is called a weak solution
of the corresponsing equation (105) (respectively (109)), whenever the integral appearing in
the formula (106) (respectively (110)) makes sense.

To make this definition completely precise, we need to agree on how we interpret the said
integrals. The most common options are the Riemann integral, improper Riemann integrals,
and the Lebesgue integral.

Remark 49 (Piecewise continuous forcing). The simplest instance of such a generalization
occurs when f has a finitely many discontinuities, and each if its continuous pieces is Riemann
integrable (or at least improperly integrable). In this case, u from (106) is merely continuous
across the discontinuities of f. The equation (105) loses its meaning only at those points.

On the other hand, u from (110) has the property that ' is also continuous across the
discontinuities of f. This can be seen from the proof of Theorem 41, especially the formula
(86). Again, the equation (109) loses its meaning only at those points.

The philosophy here is that by ignoring a few points at the level of the differential equation,
we are not losing any essential information about the underlying system.

Example 50. Let us find the general weak solution of
2 +x=0, (112)

where 6 is the Heaviside step function

0, t<0
o(t) =< ’ 113
®) {1, t>0. (113)

We intentionally left the value 6(0) undefined, because anything of importance should not
depend on this value. Instead of using the formula (110) we will solve (112) piece by piece,
and then glue the pieces together. The weak solution of (110) should be equal to a solution
of the homogeneous equation " + z = 0 for ¢ < 0, and equal to a solution of z”” + x = 1 for
t > 0. Thus we can write

A B si t
az(t):{ cost + b sint, < 0, (114)

Ccost+ Dsint+1, t>0.

Should the general solution of (112) really involve 4 arbitrary constants? No, the constants
A, B, C, and D will have codependence because z(t) and z’(t) should be continuous across
the point ¢ = 0. Imposing these continuity conditions yield A = C' 4+ 1 and B = D, meaning
that the general solution of (112) is

x(t) = Acost + Bsint + 60(t)(1 — cost), (115)
where A and B are arbitrary constants.

Remark 51 (Measurable functions). A far reaching generalization of the piecewise continuous
case is obtained by allowing f to be Lebesgue integrable in each closed subinterval of [0, 7"), and
interpreting the integrals in the representation formulae as the Lebesgue integral. Then as a
consequence of the Lebesgue differentiation theorem, the corresponding differential equations
are satisfied almost everywhere in (0,7"). Specifically, the equations are satisfied wherever f
is continuous. Moreover, u from (106) is continuous in [0,7"), and both uw and its derivative
from (110) are continuous in [0, 7).
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Remark 52 (Delta measure). We can even go beyond functions by allowing measures such

as the Dirac delta. In this case, even the (weak) solution u can become discontinuous.
Roughly speaking, a measure is something that can be integrated. They do not in general

have pointwise values. For example, the Dirac delta (at z € R) is defined by the property

/abéz(s)ds — {(1] : Z {Z 2 (116)
We set 6 = dp. Another important (and in fact defining) property is
/ " 5.(s) 1 (s)ds = {gfz% - E: 2 (117)
for any continuous function f.
Example 53. Let us find the general weak solution of
¥ +x=0. (118)
By (106), we have

x(t) = y(t) + /1 ef(tfs)é(s)ds =y(t) +0(t)e ", (119)

where y is the general solution of y + y = 0.
Exercise 54. Show that (106) with f = J, becomes
u(t) = w(t) +0(t — z)e P72, (120)
Example 55. Let us find the general weak solution of
2" +x = 0. (121)
Take the fundamental set {cost,sint}, and apply (110), to get

x(t) = y(t) + /0 (sintcoss — costsin s)dr(s)ds = y(t) — O(t — m) sint, (122)

where y is the general solution of y” 4+ y = 0. Interestingly, x(¢) is continuous at ¢t = 7, even
though z/(t) has a discontinuity there.
Exercise 56. Show that (110) with f = §, becomes

P2(t)P1(2) — d1(t)¢2(2)

u(t) =w(t) +0(t — 2) , (123)
$5(2)01(2) — ¢ (2)d2(2)
and show that this u is continuous at ¢ = z.
13. HIGHER ORDER HOMOGENEOUS EQUATIONS
The most general form of a constant coefficient linear homogeneous equation is
u™ 4 ap_1u™ Y + a4 agu = 0, (124)
where ag,...,a,—1 are given constants, and u = wu(t) is of course the unknown solution.
Looking for the solution in the form wu(t) = e leads to the characteristic equation
PN = A" 4 an N+ aN+ag=0. (125)

We call p the characteristic polynomial, and its roots the characteristic roots. With the help
of the characteristic polynomial, we can write (124) in a convenient form as

p(D)u =0, (126)
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where D = d/dt, and the expression p(D)u should be understood as
p(D)u= (D" + ap_1D" ' +...+ a1 D + ap)u 127
= D"+ apn_1 D" tu+ ...+ a1 Du+ agu.
Since DFeM = \FeM | it is easy to see that
p(D)eM" = p(Aj)e! =0, (128)
for any characterisic root \;, meaning that u(t) = e is a solution to (124).

Lemma 57. Suppose that \; occurs with multiplicity m as a root of p. Then the functions

Mt et gLt (129)
are all solutions to (124).
Proof. We can write
P(A) = (A= A5)™a(N), (130)
with a polynomial ¢ with ¢(\;) # 0, and so
p(y) =P () =...=p" V() =0. (131)
Since p(D)eM = p(\)eM, we get
d d
L (pD)EM) = T (pN) = P )N + pA)teM,
d2 At d2 At /1 At / At 2 At
Tz (P(D)e™) = =5 (p(V)e™) = p" (Ve + 29 (Ve + p(N)te™, (132)
dk _
T (D)) = PPN + kT N 4+ p(VtReY,
implying that
d At
T (p(D)e )‘A:AJ_ —0, for k=0,....m—1. (133)
On the other hand, we have
D)) =D)L = p(D)(EM) (134)
which gives
p(D)(t*eMt) = 0, for k=0,...,m—1. (135)
The proof is complete. O
Thus if Aq,..., A, are the characteristic roots, counted according to their multiplicities,
then for any values of the constants A1, ..., A,, the function
u(t) _ Altkle)\lt 4 A2tk26)\2t + ..+ Antkne)‘”t, (136)
solves (124), where k; counts how many times the value \; appears in the list Aq,..., \j_1.
Example 58. The characteristic roots for the equation
u” —3u' +2u =0, (137)
are A1 =1, Ao =1, and A3 = —2, and so
u(t) = Arel + Agte! + Aze ™, (138)

is a solution. Note that k1 =0, ko = 1, and ko = 0.
As expected, it turns out that (136) is the general solution of (124).
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Definition 59. A classical solution (or simply a solution) of (124) is a function that is n
times differentiable everywhere and satisfies (124) everywhere in R.

Theorem 60. Any classical solution u of (124) is of the form (136). In fact, we have the
representation formula

t t s
’LL(t) — Coeklt + Cle)qt/ e()xg—)q)sds + 026)\1t/ e()\g—)\l)sl / 1 e(>‘3_>‘2)52d52d51
0 0 0

+... (139)
t S1 Sn—2
+ Oy qeMt / e(P2—A1)s1 / e(As=A2)s2 / ePAn=An—1)sn—1 dsp_1 -+~ dsi,
0 0 0
where Cy = u(0) and

ck:[(D—Al).-.(D—Ak)uH (k=1,...,n—1). (140)

t=0

Proof. Let u be a classical solution of (16), and let A1,..., A\, be the characteristic roots.
Then we define the functions

v1 =1 — \u= (D — \)u,
Vo = ’Ui — /\21]1 = (D — )\2)(D — Al)u,

(141)
Vpo1 =V, 5 — Ap1Vn—2= (D —XAp_1)- (D — \)u
and note that
V1 = A1 = (D = X\)vp—1 = (D = Xp) -+ (D — \)u = p(D)u = 0. (142)
This means that
Vp—1(t) = vp_1(0)eM?,
Vp_o(t) = vp_2(0)e* 1 4 v, _1(0)er 2t /Ot ePn—An-1)s g (143)
et cetera, we get the formula (139). It is easy to see that (139) is of the form (136). O
Exercise 61. Adapt the preceding theorem to the case of (a,b) instead of R.
14. FUNDAMENTAL SETS
Suppose that the general solution of p(D)u = 0 is given by
u(t) = Ard1(t) + ... + Anodn(t), (144)
where ¢1,. .., ¢, are some particular solutions of p(D)u = 0. Then a way to solve the initial
value problem
p(D)u =0,
u(s) = ap,
u'(s) = aq, (145)
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would be to solve the linear system

«@,
A1d(s) + ...+ Ay (s) = au,
(146)
A6V (5) + A b V(s) = @
For this to be solvable, the determinant
1
P1(s n (s
W) =| . S (147)
") ()

needs to be nonzero. As expected, this determinant Wpq,...,d,](s) = W(s) is called the
Wronskian of ¢1,..., ¢, at s. We shall now address the issue of uniqueness.

Definition 62. A fundamental set (or a basis) of solutions of the equation p(D)u = 0 is a
set {¢1,...,¢n} of solutions of the same equation, satisfying W¢y, ..., ¢,](0) # 0.

More generally, for any collection of functions vy, ..., vy, if Wvy,...,v,](s) # 0 then we
say that the set {v1,...,v,} is linearly independent at s.

Example 63. The sets {cost,sint, e’} and {e, e~ ¢!} both are fundamental sets of solutions
of the differential equation v —u” +u' —u = 0.

The following is a slight generalization of Theorem 60, which gives an affirmative answer
to the uniqueness question.

Theorem 64. Let {¢1,...,0n} be a fundamental set of solutions of the equation p(D)u = 0.
Then for any solution u of the same equation, there exists a unique set of constants Ay, ..., Ay,

such that u= A1p1 + ...+ Apdy.

Proof. Let v = A1¢1 + ...+ Ap¢, be the solution of the initial value problem with the initial
data given by those of u, that is, let v be constructed as in this section, satisfying

p(D)v =0,
v(s) = u(s),
V'(s) = u/(s), (148)

Since v satisfies the same initial conditions as u, the representation formula (139) guarantees
that v(t) = u(t) for all ¢, meaning that u itself is of the form A;¢1 + ...+ A, dn. O
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Corollary 65. Any solution of p(D)u = 0 in any interval (a,b) has the representation

o) o o) ous) o duls)
oy | AG A el )
R ORI (0 I (U
o) e o) o) e o) (149)
ous) o duls) ous) o nls)
W-agg | A ) | gy | A6 d0)
TEO| e D ady [T e e
o) e () o) .. o)

fort € (a,b), where s € (a,b) and {¢1,...,¢Pn} is a fundamental set of solutions of p(D)u = 0.

Proof. Let us rewrite (146) here as

¢1(s) .o dal(s) ] [A ap
& Vs) e (s)] [4n n—1
With [¢] denoting the cofactor matrix of [qb;cj )(s)] jk, Cramer’s rule yields
Qoo + -+ p1¥n_1k
Ay = : : k=1,... 151
k W(S) ) ) , 1, ( 5 )
and so
n n n—l1 n—1 n
b s
u(t) =Y Akdi(t) = DD TG0 = Yt D on(B) (152)
— W (s) — TV (s)
k=1 k=1 j=0 j=0 k=1
which is (149) due to the Laplace expansion. O

15. ABEL’S FORMULA

Let us prove Abel’s formula for the n-th order equations. To this end, we will need to
differentiate a determinant. According to the Leibniz expansion, the determinant of a matrix
A = [aix] can be written as

det A= (=1)ays, - - ano,, (153)

where the sum is over all peermutations of the numbers 1,...,n, and |o| is the parity of the
permutation o. Thinking of each element a;; as a function of a scalar variable, we get

(det A)/ = Z(*l)‘o‘(allcrl © One, T a101a/202 “lpg, tooo T Qlgy a/nan)v (154)
g
which is to say, to differentiate a determinant, we simply take the derivative of each row at a
time, and sum the resulting determinants:
a’n a/12 PN a’ln a,11 CL/12 PN alln ailp; aig2 ... Qin
(det AY = dz1 @22 ... G2n)  (O31 Gy ... Gon) o (@21 422 ... G2n) (155)

anl1 Aap2 ... Qpn aAnl1 ap2 ... Qpn Qp1 Apo - Apy
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An application of this to the Wronskian (147) yields

/A . ¢1 .. Pn ¢ . Pn

W oo T LN Fu I -1 (156
n— n— n— n— n n
¢ . b R ) oM e

Notice that with the exception of the last one, each determinant in the right hand side has
two identical rows, and so

b1 P

L

W' = W ) (157)
oM gl

Now we use the fact that each ¢y satisfies the differential equation p(D)u = 0, that is, we
substitute in the last row the expressions

W = a0 Y~ = ard), — aody, (158)
to get
b .. 61
W' = — (n_Q) = (n—2) = —ap— W, (159)
P " o}
an_lgbgn ) an_2¢§" + ...+ a1d) + apds

where for reasons of space, only the first columns of the determinants are displayed. Thus we
have Abel’s formula

W(s) = W(0)e n1¢ for seR. (160)
As in the second order case, this immediately implies the following theorem.

Theorem 66. Let ¢1,...,¢, be solutions of the differential equation p(D)u = 0. Then their
Wronskian s either identically zero, or nonzero everywhere.

Thus for solutions to differential equations of the type under consideration, we can talk
about their Wronskian being simply zero or nonzero, without specifying where we evaluate
the Wronskian.

16. INHOMOGENEOUS EQUATIONS
It is time to solve the inhomogenous equation
p(D)u= f. (161)

All considerations and terminologies we had for the second order case naturally extend to the
current situation.

Exercise 67. Prove the following.
(a) If u and v are solutions of (161), then the difference w = u — v satisfies
p(D)w = 0. (162)

(b) If v satsfies (161), and w satisfies (162), then u = v 4+ w satisfies (161).
(c) If p(D)vy = f1 and p(D)vy = fa, then the sum v = vy + vy satisfies p(D)v = f1 + fa.

Remark 68. Thus the general solution of (161) can be constructed as follows.
e Find a single particular solution v of the inhomogeneous equation (161).
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e Find the general solution w of the complementary equation (162). In particular, this
solution will contain n arbitrary constants.
e Then the sum u = v 4 w is the general solution of (161).

Since we already know how to find the general solution of the homogenous equation (162),
the focus now is on finding a single particular solution of (161).
Example 69. Consider the equation

u” +u = e (163)

The characteristic roots are A\; o = (1 £iv/3)/2 and A3 = —1, and so the general solution of
the complementary equation is

w(t) = Ae~t + e!/2(BeV32 4 CeV3H/2) (164)
We look for a particular solution to (163) in the form v(t) = Ge?® and find G = 1/9. Thus
the general solution of (163) is
2t
u(t) = % + Ae™t + /2(BelV32 4 0emiV3H2), (165)
where A, B and C' are arbitrary constants.

"

Exercise 70. Find the general solution of "’ — z =t — cost.

We shall now extend the method of variation of constants to the n-th order case. Let

{¢1,-..,én} be a fundamental set of solutions to the equation p(D)w = 0. Since the functions
o1, ..., ¢, cannot vanish at the same time, any function u can be written as
u(t) = A1(t)o1(t) + ... 4 An(t)dn(t), (166)

with some coefficients A;(t),..., A, (t).
Working formally, we compute

u = A\p1r+ A1) + ..+ AL + A, = A1d) + ...+ And,, (167)

provided that
Yor1+ ...+ ALd, = 0. (168)

We continue this trend, and assume

Al + .+ Al =0,

(169)
1" 4 ALY =0
to get
T 4+ A+ ALY+ A = AL+ + A,
WD = 410 1 A0 b ) b A0 = At Angll, )
ul" = 1¢{‘1 + Aol +»-~+Ag¢$*”—%An¢%%

Thus in order to have p(D)u = f, we need
107 Y L ALY = (171)
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To summerize, if

All(zﬁl—i-—i-A;Lgﬁn:O,

0D L A =0, 1
1Y ALY =

then u = A1¢1 + ... + Ap¢, would solve p(D)u = f. The system (172) can be solved for
Al AL since W, ..., ¢p] # 0. We make this argument precise in the following theorem.

Theorem 71. Let f € Cla,b) with —co < a < b < oo, and let u be a function n times
differentiable in (a,b), with u"~Y € Cla,b) and

p(D)u=f in(a,b). (173)
Then u is given by
o1(8) N )
n n— ds, t €la,b), 174
Ws N 2(5) qﬁ,(q, 2)(3) [2,9) (174)
o1t) .. on(t)
where w is the solution of the homogeneous initial value problem
p(D)w =0,
w(a) = u(a), )
w1 (a) = w1V (a).
Proof. For t € [a,b), let
¢ f(s)'(bnfl,k(s)
t) = /a st, k— 1,...,”, (176)

where [1); ()], is the cofactor matrix of [gb,(j)(s)]j,k. Note that the rows are numbered by
j=0,...,n—1 (and the columns are by £k =1,...,n), and so the element 1, x(s) is in the
last row of the cofactor matrix. Then according to the fundamental theorem of calculus, Ay
is differentiable in (a,b), and Ay € C[a,b), with
/ _,fwnka
W
Cramer’s rule then implies that (172) is satisfied in (a,b). Now let

ZAk (t)r(t) /W Z¢k (t)hn—1,k(s (178)

for t € [a,b), which is the mtegral term in (174). We have v € C[a,b) and v is differentiable
n (a,b) with

in (a,b). (177)

V= A+ Akl =D Akl in (a,b). (179)
k=1 k=1 k=1

Again, we have v' € C[a,b) and ¢’ is differentiable in (a,b) with

3

V= ALY Ak = Al in (a,b). (180)
k=1

k=1 k=1
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This reasoning can be repeated, until we get

v =3 A0 S A =N Arel Y i (anb), (181)
k=1 k=1 k=1
and moreover, we have v(®~Y € Cla,b) and v~ is differentiable in (a, b) with
o =N A Y AV = f+ Y Adl” i (ab). (182)
k=1 k=1 k=1

As p(D)¢y = 0 for all k, we infer

p(D)v = f in (a,b). (183)
Hence the difference w = u — v satisfies p(D)w = 0 in (a,b). On the other hand, since
Ap(a) = 0 for all k, we have v\)(a) = 0 for all j = 0,...,n— 1, and so w9 (a) = uU)(a) for all
j=0,...,n—1. By uniqueness, there is exactly one such function. The proof is complete. [

17. FIRST ORDER HOMOGENEOUS SYSTEMS

The entire theory of constant coefficient linear equations can be subsumed under the theory
of constant coefficient first order systems. The homogeneous version of such a system is

r' = Aux, (184)

where the unknown is a vector function z(t) € R”, and A is a given n X n matrix with real
entries. It is also possible to consider complex matrices, in which case the unknown would
have to be a complex vector function z(t) € C".

Example 72. The second order equation
u +pu' 4+ qu =0, (185)
can be transformed into a first order system by introducing the new variable v = u/':

{Z: _ (186)

—PUv —qu

S-15

Exercise 73. Write the n-th order equation

or

u™ 4 ap 0™ + a4 agu = 0, (188)
as a first order system.
Exercise 74. Write the first order complex equation
u = lu, (¢ e C), (189)
as a first order real system.
Let us look for a solution of 2/ = Az in the form
z(t) = zo + toy + t2ay + 323+ ..., (190)

where zg,x1,... € C" are fixed vectors that will be adjusted shortly. Taking the derivative
term by term and equating it with Az, we get

Ty + 2txo + 33wz + ... = Axg + tAzy + t2Axg + ... (191)
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Since this must hold for arbitrary ¢, the coefficients of the powers of ¢ on both sides should
match term by term:

xr1 = A:UO?
1 2
o = 514.@1 =-A Zo,
1 (192)
= _Azy=—A3
3 3 Z2 2.3 Zo,
1 1
TG T gt
yielding the general formula
1
Ty = —'Amxo, m=20,1,.... (193)
m!
This gives us the following candidate solution
t2 t3
(t) = xo + tAwg + - Awo + Ao + ...
(tA)?  (tA)?
= (I+tA+T+T+...):UO

Notice that the series between the brackets resembles the Maclaurin expansion of the expo-
nential function. We call it the exponential of tA and write
oo
tA (tA)™ (tA)? | (tA)’
e _exp(tA)_ZW_I+75A+T+T+.... (195)
m=0

We can think of the series in the right hand side as a series of n x n matrices, or equivalently,
a collection of n? individual scalar series.

Theorem 75. For any given n x n matriz A, each individual series in (195) converges
absolutely and uniformly in any bounded interval of R, and

%em = A = Aeth, teR. (196)

Moreover, any vector function that is differentiable everywhere and that satisfies ¥’ = Ax
everywhere in R has the representation x(t) = e!42(0).

Proof. Let us introduce the notation

|Aloo = I?%x\ajk\, (197)

where a;j, are the elements of A, and suppose that M = |A|, that is, the entries of A are
bounded in absolute value by M. Then it is easy to see that

|A™ oo < MM, (198)
and so
o0 m 0 mpfm,,m—1 Mnlt|
|(tA)™ |00 [t M™n e
Do), , = : (199)
= ml = m! n

Thus by the Weierstrass M-test we conclude that each individual entry in the matrix series
converges absolutely and uniformly in any bounded interval of R. Since this is a power series
in t, we can differentiate term by term, and get

d 4 d AT S mlAT It ”
i w2 T T T 2 e AT A (200
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for t € R. The remaining (uniqueness) claim is immediate because

(e Ma(t)) = —e MM Ax(t) + e 2/ (t) = e (= Ax(t) + 2/ (t)) = 0, (201)
for all ¢, implying that e~*42(t) = const. The proof is complete. O

Example 76. We know that the solution to the initial value problem

"+ =0,
z(0) = «, (202)
z'(0) = B,
is z(t) = accost + Bsint. With y = 2/, this can be written as
'] 0 1| |z
[@/_ N [—1 0] M 209
and
xz(t)| | acost+ Bsint | | cost sint| [« (204)
y(t)| |—asint+ Bcost| |—sint cost| |B]|"
This means that
+J _ | cost sint . 10 1
© = [— sint cost} with J= [—1 0] ' (205)

Exercise 77. Let A and B be square matrices with AB = BA. Prove the following.
(a) ()t = e,
(b) e*B = BeA.

(c) eAtB = eAeB,

Hint: (a) Differentiate F(t) = e~*4e*4 with respect to t. (b) Work directly with the power
series (195). (c) Differentiate F(t) = e/ ATB)etAe—tB,
18. MATRIX EXPONENTIALS

In this section, we will see ways to explicitly compute the matrix exponential. The simplest
case is when the matrix is diagonal: Since

MO ... 0] AP0 ... 0
0 X o 0 |0 AR 0 (206)
000 A 00 .oAp
it is immediate from (195) that
eMto0 ... 0 A0 .0
JgA_ [0 e 0 . when A=|0 A - 0 (207)
00 L. e 000 A
Next, if A is diagonalizale, i.e., if A = SAS™! with some diagonal matrix A, then
e =T +tSAS™H + t;SAS—lsAS—l + §;SAS‘1SAS‘1SAS‘1 +..
| (208)

2, 1
= S(I+tA+FA + g +...)S
= Sethg—1,
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Remark 78. Thus if one needs to compute e, it is a good idea to check if A is diagonalizable
by finding its eigenvalues and eigenvectors. If A has a complete set of eigenvectors, say,

v1,..., U, with the corresponding eigenvalues Ay, ..., \,, then we can rewrite
Av, = Ak, k=1,...,n, (209)
in the form
AV = VA, or  A=VAV! (210)
where A is the diagonal matrix with the eigenvalues Aq,..., A, on its diagonal, and V is the
square matrix with vq,..., v, as its columns.

Note that V! times an eigenvector vy, equals the k-th standard basis vector ey, and so

o = VerrVly, = Vetle, = Velrte, = ety (211)
By linearity, we get
n n
et4 Z RV = Z Mg, (212)
k=1 k=1
which shows that the components of the initial vector x(0) = >, ayvy, simply scale as eMtay,

independently of each other under the evolution prescribed by the equation 2’ = Ax.

Remark 79. If A is symmetric (i.e., A = AT), then A is diagonalizable by an orthogonal
transformation, that is, there is an ortogonal V and a diagonal A such that A = VAV . If
A is Hermitian (i.e., A = AT), then A is diagonalizable by a unitary transformation, that is,
there is a unitary U and a diagonal A such that A = UAUT.

Example 80. Consider the matrix

2 1
A= [1 2} . (213)
Its egenvalues are A\ = 3 and Ay = —1 with the corresponding eigenvectors v; = (1,1) and
vg = (1,—1). Hence the matrix V is
11 . 111
V= [1 _1] with V7' = 3 [1 _1] , (214)
giving
It 1]fe® o1 1 et femt 3t et
tA _ — _
© 73 [1 —1] [0 et] [1 —1] N [e3t—et et et|” (215)

What if the matrix is not diagonalizable? Let us start with a couple of simple examples.

Example 81. Consider the matrix

2 1 01
A_[O 2]-2[—1—]\7, where N—[O 0]. (216)

One can easily find that the characteristic equation (A—2)? = 0 has a double root at A = 2, and
that the only eigenvector corresponding to A = 2 is e; = (1,0). Thus A is non-diagonalizable.
We say that the eigenvalue A = 2 is defective.

Nevertheless, we can compute e/4 without difficulty. Since N? = 0, we note that

A™ = (2] + N)™ =2™] + m2™ 1N, m=1,2,..., (217)
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yielding
(o] tm
tA __ 1
e _Zm@przv)m Z 2mI+Z 2m N
m=0
= 2T+ te® N = (I + tN) (218)

o |1 et te?t
= e = 2t .
0 1 0 e
The action of ¢4 on e; and ey are
tA 2t tA

e = eeq, eley = ey + tele;. (219)

This shows that even though e; evolves by pure scaling, the evolution of ey “spills” into ey.
In fact, apart from ey there is no other vector that evolves by pure scaling.

Example 82. Consider the matrix

A1 0 010
A=10 X 1| =X+ N, where N = ({0 0 1 (220)
0 0 A 0 00
As in the preceding example, we note N3 = 0 and hence
—1
A™ = (A + N)™ = N + mA™ "IN + m(";)Am%v?, (221)

for m = 2,3,.... This gives

Z —)\m1+ Z o N+ Z D ’N?

m=0"" (222)
=eMI +1eMN + TzMN? = M(I+tN + §N2),

or more explicitly

1,2 Moo 142 Mt
" “ 1t 5t e teA 5t f
=e™|0 1 ¢t |=]0 et teM|. (223)
00 0 0 M
The evolution of the standard basis is
1
etey = e*Mey, elhey = eMeq + teMe, ethey = eMeg + teMes + §t2€/\t€1- (224)

Thus es spills into e; but not into e3, and es spills into both e; and es.

Exercise 83. Compute e where the matrix A is given by

(225)

SO O
SO >
S > = O
> o o

Remark 84. Any square matrx A has the so-called Jordan decomposiion

A=VvJvH (226)
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where J is a block diagonal matrix whose diagonal consists of blocks of the form

A 1 0O ... O
0O X 1 ... 0
A T (227)
0 0 0 .. 1
0O 0 0 ... X

We write J = diag(J1,...,Jm) or J=J1 ® Jo ... D Jy,. The matrix J is called the Jordan
normal form of A, and Jj are the Jordan blocks of A. If Jy is at least 2 x 2, then we say that
the eigenvalue )\ is defective. Denoting by dj the size of Jg, it is easy to see that

tdk—l
Ve = M4 tN 4+ ...+ — N%1 228
where N = J — A\g! is the di x dp matrix with its first superdiagonal consising of 1’s, or
1 1 gdy—
Lot gt o gt
0 1 t ... g™
=t (229)
0 0 O t
0 0 O 1
Thus we have
A=V V=V g2, @)Vl (230)
Example 85. For the block diagonal matrix
A1 0 0 O
0O A1 00 A1 0 1
J:OOAOO:OAl@[g‘], (231)
000 p 1 00 A H
00 0 0 p
we have
e teM %t26>‘t 0 0
0 M teM 0 0 1t 312 Lt
=10 0 M 0 0|=eM01 t|@e [o J . (232)
0 0 0 elt  tert 00 1
0 0 0 0 ert
Exercise 86. Compute e where the matrix A is given by
A1 00
100X 1 0 w0
A= 00 A 1 <3 [O /J. (233)
0 0 0 A

19. STABILITY

Now that we know how to compute the matrix exponential e!4, we can study the stability
of the system 2’ = Ax. First, it is quite obvious that this system is strictly stable if and only
if every eigenvalue of A has strictly negative real part. Second, if an eigenvalue with zero real
part has a Jordan block larger than 1 x 1, we would have solutions such as te* with \ purely
imaginary, and hence would not be stable. Thus in order for the system be stable, purely
imaginary (or zero) eigenvalues cannot be defective. Let us state this result as a theorem.
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Theorem 87. The system x' = Ax is strictly stable if and only if every eigenvalue of A has
strictly megative real part. Moreover, ¥’ = Ax is stable if and only if every eigenvalue of A
has nonpositive real part, and all its purely imaginary (or zero) eigenvalues are non-defective.

Proof. Any function of the form t*e* with Re()\) < 0 decays to 0 as t — oo, and e with
Re(A) > 0 doesn’t decay as t — co. Thus the first claim of the theorem is established.
Similarly, any function of the form t*e with Re(\) < 0 or of the form e with Re(\) = 0
stays bounded as ¢ — oo. On the other hand, neither e with Re(\) > 0 nor te’ with
Re(A) = 0 stays bounded as t — co. The proof is complete. O

20. FUNDAMENTAL MATRICES

We have established that the unique solution to the initial value problem

{”“J = Az, (234)

z(0) = ¢,
is given by
z(t) = oy, t e R. (235)
Taking the initial condition « as the columns of the identity matrix, that is, taking z(0) = ey
with k& = 1,...,n, we see that the matrix function E(t) = et4 is the unique solution of the

matrix initial value problem
E(0)=1.

More generally, if ®(¢) is a matrix function satisfying ® = A®, then the vector function
x(t) = ®(¢t) for any fixed vector [ satisfies

¥ =3B =A03 = Az, (237)
and
z(0) = ®(0)2. (238)
Thus in order to solve the initial value problem (234), it suffices to invert the matrix ®(0):
B =[®(0)] ta, or  x(t) = &(t)[®(0)] e (239)

Definition 88. A fundamental matriz of the system 2/ = Az is a matrix function ®(¢)
satisyfing ® = A® and det ®(0) # 0.

Remark 89. If ®(¢) is any matrix function satisfying ® = A®, then a columnwise application
of (235) gives ®(t) = e!4®(0). Hence we have

[@(t)] ! = [@(0)] e, (240)

meaning that ®(0) is invertible if and only if ®(¢) is invertible, for any ¢ € R. Thus similarly
to fundamental sets for ODEs, instead of checking det ®(0) # 0 one can check the property
det ®(t) # 0 at any point ¢, provided of course that ®(t) satisfies ®' = AP.

Exercise 90. Show that if ®(¢) is a fundamental matrix of 2’ = Az, then the unique solution
of the initial value problem
/: A
{m o (241)

z(s) = a,

is given by
z(t) = ®t)®(s) ta, tER. (242)
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21. LIOUVILLE’S FORMULA

In Section 15, we derived the analogue of the property det ®(0) # 0 < det ®(¢t) # 0 for
fundamental sets of ODEs by proving the more quantitative Abel formula. For linear systems
this corresponds to the following Liouville formula.

Theorem 91. If ®(t) is a matriz function satisfying ® = AP, then we have

(det @) = trAdet @, (243)
where trA is the trace of A, i.e., the sum of the diagonal entries of A.
Proof. Denote the j-th row of ® by ¢;. Then ® = A® can be written row by row as

n
&= apdr,  J=1,...,m, (244)
k=1
where a;j, are the elements of the matrix A. Now we compute (det @)’ as
; ¢1 o ¢/1 o1 a1 + arep2 + ...+ aindn
30l B Nt R A R Nl "
Pn Pn Pn o P
¢1 ¢1
n az1¢1 + ag2¢2 + ... + a;dn . 2 (245)
On an191 + an2d2 + ... + Aundn
ang P1 P1 P
= ¢2 +a?2.(%52+...+ ¢2 = (a11 + a2 + ...+ ann) ¢2,
bn bn AnnPn bn
which concludes the proof. O

22. DUHAMEL’S FORMULA
Consider the inhomogeneous system
¥ = Az + f, (246)

where f(t) is a vector function continuous in [a,b). Assuming that z(t) is also continuous in
[a,b) and differentiable in (a,b), we have

(e (1)) = —e M Ax(t) + e M2/ (t) = e A (—Az(t) + /() = e f (D), (247)

and so
e Ax(t) = z(a) + / e A f(s)ds, (248)
z(t) = eala) + /t =941 (s)ds, t € la,b). (249)

This is Duhamel’s formula for constant coefficient linear systems.

Exercise 92. Let A be a square matrix, let f(¢) be a vector function continuous in [a,b),
and let o be a vector. Show that

z(t) = e+ / t A f(s)ds,  t€ab), (250)

a
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is a solution to the initial value problem

{x’ =Axz+ f in (a,b), (251)
z(a) = a.
Exercise 93. Let ®(¢) be a fundamental matrix of the system 2’ = Az, and let f(t) be a
vector function continuous in [a,b). Show that any solution of ' = Az + f that is continuous
in [a,b) and differentiable in (a,b) has the representation

t

z(t) = ®(t)®(a) 'z(a) +/ D(t)D(s) " f(s)ds, t € la,b). (252)

a
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